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Abstract
Superstring theories at low energy limit are described by the corresponding super-
gravities, and their non-perturbative D-brane/O-plane excitations are described by DBI
and WZ actions. Higher derivative corrections to these effective actions are important for
understanding the stringy behavior of the fundamental objects. They may be extracted
from the contact terms of the corresponding S-matrix elements. On the other hand, the
superstring theories enjoy the T- and S-dualities which appear in the S-matrix elements as
duality Ward identities. These Ward identities might be used as generating functions for
constructing the S-matrix elements. The dualities may also be used directly to construct
the effective actions. In this article, we review the duality Ward identities which can be
used to generate S-matrix elements, and review the dualities which may be used directly
to construct the higher derivative corrections to the effective actions.
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1 Introduction
In the first revolution of string theory, it has been cleared that there are only five different
anomaly free superstring theories, i.e., type I, type IIA, type IIB, SO(32) and E8 × E8 Het-
erotic theories, which live in ten dimensional spacetime [1, 2, 3]. In the second revolution,
the study of string dualities reveals that some of the superstring theories have extended non-
perturbative objects like Dp-branes and Op-planes [4, 5]. It has been also found that the five
superstring theories are interconnected and are some faces of the eleven dimensional M-theory
[6]. An important tool for exploring these theories and their non-perturbative objects is the
effective action. The effective actions of the superstring theories at low energy are given by the
corresponding supergravities [7, 8] and the effective action of Dp-branes/Op-planes are given by
Diract-Born-Infeld (DBI) and Wess-Zumino (WZ) actions [9, 10]. Even though these effective
actions are enough for exploring many aspects of string theory, e.g., AdS/CFT duality [11],
there are important situations that one needs to find the higher derivative corrections to these
effective actions e.g., to explore the string landscape [12].
For example, let us review the compactification of the 10-dimensional type IIB superstring
theory to maximally symmetric 4-dimensional spacetime (see e.g., [14]). At low energy, the
theory is described by the type IIB supergravity which is
SIIB ⊃ 1
2κ2
∫
d10x
√−G[R− |∂τ |
2(Im τ)2
− |G3|
2(Im τ)2
− |F5|
2
4
] +
1
8iκ2
∫ C4 ∧G3 ∧G∗3
Im τ
(1)
1
where the metric is in the Einstein frame, τ = C0 + ie
−φ, the RR five-form field strength is
F5 = dC4 − (C2 ∧ dB − B ∧ dC2)/2, which is constrained to satisfy the self-duality condition
F5 = ⋆10F5 at the level of the equations of motion [13], and G3 = dC2 − τ dB. If the 10-
dimensional spacetime is product of the 4-dimensional spacetime and a 6-dimensional internal
compact manifold and if there is no flux in the 6-dimensional manifold, i.e.,
ds210 = ηµνdx
µdxν + gmn(y)dy
µdyν
F5 = G3 = ∂τ = 0 (2)
one would find many 4-dimensional massless scalars. None of which, however, appears in our
real world! This is called moduli space problem.
To solve this problem, one may consider more general setting of warped compactification
with flux,i.e.,
ds210 = e
2A(y)ηµνdx
µdxν + e−2A(y)gmn(y)dyµdyν
F5 = (1 + ⋆10)dα(y) ∧ dx0 ∧ dx1 ∧ dx2 ∧ dx3
G3 = Gmnp(y)dx
m ∧ dxn ∧ dxp
τ = τ(y) (3)
where A(y) is the warped factor. With the above anzats, the supergravity equations of motion
produce the following tadpole equation:
∇2e4A = e
8A
2Im τ
|G3|2 + e−4A(|∂α|2 + |∂e4A|2) (4)
where ∇2 is the Laplacian in the internal manifold. Since all terms on the right hand side are
positive, one finds G3 = F5 = A = 0 upon integrating over the internal manifold. In other
words, if one considers the effective action of the type IIB superstring theory at the leading
order of α′, then one would find that it is impossible to compact type IIB superstring theory
on a warped manifold or on a manifold with fluxes.
One may also consider internal manifolds with (p−3)-cycles Σ on which the non-perturbative
objects Dp-branes or Op-planes are wrapped. The energy momentum tensor of the branes
appear on the right hand side of the tadpole equation (4). If one describes the Dp-brane or
Op-plane effectively by the DBI and WZ actions at the leading order of α
′, then one would
find the WZ part produces zero energy momentum tensor, and the DBI part produces positive
contribution to the right hand side of the tadpole equation (4). As a result, the tadpole equation
again does not allow to have internal manifolds in which branes are wrapped on its cycles. In
other words, the moduli space problem could not be solved with the effective actions at the
leading order of α′.
How the α′-corrections to the effective actions can solve the problem? One particular set of
higher derivative correction to the WZ part at order α′2 which has been found from anomaly
cancellation mechanism [15, 16, 17], is the following:
Sp ⊃ π
2α′2
24
µp
∫
R4×Σ
Cp−3 ∧ (trRT ∧ RT − trRN ∧ RN) (5)
2
The energy-momentum tensor of this term produces a negative contribution to the right hand
side of the tadpole equation (4). If one includes only this α′2-correction to the effective actions
of the branes, then the warped compactification to the internal manifold with branes and
fluxes are allowed. Moreover, if one includes one particular non-perturbative effect, then all
four-dimensional scalar fields are constrained by some potentials and the moduli space problem
would be solved [18]. However, there are many discrete vacua for the potentials which produce
the string landscape [12].
Higher derivative corrections to the supergravities are also important for finding the discrete
vacua. Consider, for example, the compactification of the 11-dimensional M-theory to the
maximally symmetric 3-dimensional spacetime (see e.g., [14]). At low energy, the M-theory is
described by the 11-dimensional supergravity which is
SM ⊃ 2π
(2πℓp)9
∫
d11x
√−g(R− 1
2
|F4|2)− π
3(2πℓp)9
∫
A3 ∧ F4 ∧ F4 (6)
Consider the warped compatification into 8-dimensional internal manifold with flux, i.e.,
ds211 = e
−A(y)ηµνdxµdxν + eA(y)/2gmn(y)dyµdyν
F4 = Fmnpq(y)dx
m ∧ dxn ∧ dxp ∧ dxq (7)
The 4-form equation of motion gives the following tadpole equation:
∇2A(y) = −|F4|2 (8)
After integration over the internal manifold, one again finds F4 = 0 and the warp factor A(y)
is a constant. Therefore, there would be no potential for the 3-dimensional scalars, i.e., there
would be the moduli space problem, if one describes the M-theory by the 2-derivative effective
action (6). The moduli space problem in this case may be solved by including the following
8-derivative correction to the 11-dimensional supergravity [19], i.e.,
SM ⊃ − 2π
(2πℓp)3
∫
A3 ∧X8 (9)
where the 8-form has been found from anomaly cancellation mechanism to be
X8 =
1
(2π)4
[
1
192
trR ∧R ∧ R ∧ R− 1
768
(R ∧R)2] (10)
The above higher derivative term has contribution −1
2
(2πℓp)
6X8 to the right hand side of the
tadpole equation (8). After integration over the internal manifold, one finds∫
M
|F4|2 = −1
2
(2πℓp)
6
∫
M
X8 =
1
48
(2πℓp)
6χ (11)
where χ is the Euler character of the internal manifold. Therefore, the 8-derivative term (9)
makes the warped compactification with flux to be possible. The fluxes and non-perturbative
3
effects, on the other hand, produce potential for the 3-dimensional scalar fields which solves
the moduli space problem and produces an M-theory landscape.
The curvatures corrections (5) and (9) are found from anomaly cancellation mechanism
[15, 16, 17, 19]. However, as we will review in section 3, the metric transforms to B-field, to
dilaton and to all RR forms under the sequences of the T-duality and S-duality transformations,
so there must be many other 4-derivative corrections to the brane action and many other 8-
derivative corrections to the supergravities which can not be found from anomaly cancellation
mechanism and may have effects in finding the true vacua. We are interested in these couplings.
There are different approaches for constructing the higher derivative effective actions in
the string theory. One is the non-linear sigma model which constrains the two-dimensional
world-sheet theory in the presence of background fields to be conformal invariant [20, 21]. We
are not interested in this approach in this review article. Another approach for finding such
higher derivative terms is the S-matrix approach [22, 23] which we will review in the next
section. This method is appropriate for calculating the higher derivatives of metric because
derivatives of metric appear covariantly in the curvature which has two derivatives. As a result,
to find the 8-derivative corrections to the supergravity, one needs to calculate the sphere-level S-
matrix element of four graviton vertex operators, and to find the 4-derivative corrections to the
brane action, one needs to calculate the disk-level or PR2-level S-matrix element of two graviton
vertex operators. However, since there is a conservation of momentum in the S-matrix elements,
this calculation fixes neither the four-curvature couplings in the supergravity which are total
derivatives at four-graviton level, nor the two-curvature couplings in the brane action which are
world-volume total derivatives at two-graviton level. They may be fixed by other methods or by
studying the higher-point functions. Unlike the supergravity and the DBI/WZ actions which
have neither genus nor non-perturbative correction, their higher derivative corrections are not
complete unless one includes their corresponding genus and non-perturbative corrections. The
genus corrections can be extracted from the corresponding loop-level S-matrix elements. The
genus and the non-perturbative corrections in type IIB theory may be found from requiring the
tree-level couplings to be consistent with S-duality [24, 25].
The higher derivatives of other NSNS fields or RR fields appear in their corresponding field
strengths. As a result, the 8-derivative corrections to the supergravities require the sphere-level
S-matrix element of five, six, seven and eight vertex operators, and the 4-derivative corrections
to the brane action require the disk-level/PR2-level S-matrix element of three and four vertex
operators. Such calculations are technically very complicated. So one has to use other methods
for finding such tree-level higher derivative corrections. Supersymmetry, in which we are not
interested in this review, may be able to find all such couplings [7, 26, 27, 28] including the
moduli-dependnence of the type IIB theory [28]. String duality may also be able to find these
couplings. We will review in section 3 the duality method which enables one to find all couplings
at each order of α′ by requiring the tree-level gravity couplings to be consistent with T-duality
and S-duality [29, 30, 31, 32, 33, 34, 32, 33, 34, 35, 36, 37]. The idea that T- and S-dualities
put constraints in the effective string actions at the leading order of α′ appeared at the first
time in [38, 39].
An outline of the review is as follows: In section 2, we briefly review the Polyakov prescrip-
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tion for constructing the S-matrix elements in perturbative string theory. In subsection 2.1, we
explicitly calculate the sphere-level S-matrix element of four closed string tachyons in bosonic
string theory which reproduces the Virasoro-Shapiro amplitude. In subsection 2.2, we review
the calculation of the sphere-level S-matrix element of four NSNS vertex operators in type II
superstring theory. We demonstrate how this amplitude at low energy produces 8-derivative
corrections to the type II supergravity involving the Riemann curvature and the second co-
variant derivative of dilaton and B-field. In subsection 2.3, we review the calculation of the
disk-level S-matrix element of two NSNS or RR vertex operators in type II supestring theory
and show how the low energy limit of this amplitude produces 4-derivative corrections to the
DBI and WZ action involving the Riemann curvature and the second covariant derivative of
dilaton, B-field and RR-forms. In subsection 2.4, we repeat the calculation of the previous
subsection for projective plane instead of disk.
In section 3, we review the well-known dualities of the string theory. In subsection 3.1, we
briefly review the T-duality of the spectrum of the bosonic string theory when compactified on
a tours T n, to extract the T-duality transformations of the scalar fields that parametrize the
tours. We then use the path-integral method to extend these transformations to the curved
spacetime with background fields to find the Buscher rules. The DBI action is invariant under
the Buscher rules. We then use the constraint that the WZ action must also be invariant un-
der the T-duality transformation, to rederive the standard T-duality transformation of the RR
fields. Using the observation that the effective actions at the leading order of α′ are invariant
under the T-duality transformation, one expects that the covariant higher derivative corrections
to the effective actions to be also invariant under the T-duality transformations. However, the
T-duality transformations are modified by the covariant higher derivative corrections. Alterna-
tively, the invariance of effective actions under the standard T-duality transformations requires
the higher derivative terms to be non-covariant. A non-covariant field redefinition may change
the non-covariant higher derivative couplings to the covariant couplings.
In subection 3.2, we review the S-duality and in particular the SL(2, R) transformations of
the massless fields that appear in the type II effective actions and show how the invariance of
the effective actions under these transformations may fix the genus and the non-perturbative
corrections to the effective actions. We show how the S-duality may be used to find new tree-
level couplings by imposing the couplings found in section 2 to be invariant under the SL(2, R)
transformations. In section 4, we review the observation that the S-matrix elements must
satisfy the duality Ward identity. We demonstrate how these Ward identities may be used to
generate new S-matrix element from a given S-matrix element, and review the works that have
been done in support of this observation.
In section 5, we review the specific example of the Op-plane effective action in type II
superstring theory that the T-duality constraint is used to find all NSNS 4-derivative corrections
to this action. The higher derivative couplings are covariant and the T-duality transformations
are also the Buscher rules. In this case, we know from the supergravity corrections that the
T-duality does not receive higher derivative corrections at order α′2, as a result the covariant
action at order α′2 is consistent with the Buscher rule. In section 6, we review the specific
example of Op-plane/Dp-brane effective action in the bosonic string theory. The T-duality
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constraint is used to find the covariant Op-plane effective action completely at order α
′. In
this case, however, the T-duality transformation is the Buscher rule plus its α′-correction. The
above T-duality constraint has been also used to find the covariant Dp-brane effective action at
order α′ for only massless closed string fields up to terms that contains B-field potential. In this
section, we also review the construction of a non-covariant Dp-brane effective action at order
α′ which includes only masslesss open string fields to all orders. The T-duality transformation
that has been used is the standard T-duality transformation for the massless open string fields
without the α′-corrections. In section 7, we briefly discuss the new calculations that may be
done by the duality method that we have reviewed here.
2 S-matrix elements in perturbative string theory
In quantum field theory with specific spacetime action S[Φ] = Sfree[Φ] + Sint[Φ], the partition
function and n-point functions have path integral representations (see e.g., [40]), i.e.,
Z =< 0,+∞|0,−∞ > =
∫
DΦe−S[Φ]
< 0,+∞|Φ1(x1) · · ·Φn(xn)|0,−∞ > =
∫
DΦ (Φ1(x1) · · ·Φn(xn))e−S[Φ] (12)
If the action has gauge symmetry, then one must use the Faddeev-Popov gauge fixing mechanism
to find finite result for the partition function and for the n-point functions. In principle, the
path integral may be evaluated for any coupling constant. The result would be a function of the
coupling constant which may then be power expanded to produce perturbative contributions in
which the coupling constant appears with positive powers, and non-perturbative contributions
in which the coupling constant appears with negative powers. The perturbative contributions
can be found by expanding e−Sint to produce the tree-level and m-loop-level Feynman diagrams
and then evaluating the corresponding Feynman amplitudes using the free theory propaga-
tors. At weak coupling, the tree-level contribution is larger than one-loop-level contribution,
one-loop-level is larger than two-loop-level, and so on. So the first few terms of the Feynman
amplitudes are adequate for evaluating the n-point functions. At strong couplings, however,
(m+1)-loop-level contribution is larger than m-loop-level, so one has to consider the contribu-
tion of all loops to evaluate the n-point functions. The non-perturbative contributions, on the
other hand, have no Feynman diagram representation. Sometimes some of these contributions
can be found by finding saddle points of the path integral, as in the study of instantons.
In string theory, the perturbative contributions to the partition function have been formu-
lated as path integral by Polyakov [41, 42, 43, 14], e.g., in the bosonic oriented closed string
theory it is given as
Z =< 0,+∞|0,−∞ > ∼
∫
DhαβDX
µe−S[hαβ ,X
µ,···] (13)
where dots in the world-sheet action represent background fields. The asymptotic value of
the dilaton represents the closed string coupling constant, i.e., gs = e
φ0 . In the partition
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function, S is the world-sheet action of free closed string. The path integral over the world-
sheet metric hαβ means sum over all two-dimensional Riemann surfaces which are analog of
the Feynman diagrams. However, S is invariant under world-sheet diffeomorphism and Weyl
transformations which makes the partition function to be infinite. To find the finite physical
result for the partition function, one should fix these symmetries by summing over Riemann
surfaces which are not related to each other by diffeomorphism and Weyl transformations. In
the conformal gauge, i.e., hαβ = e
ψηαβ , the Faddeev-Popov gauge fixing mechanism produces
the ghosts b, c. Dropping the volume of the diffeomorphism group, the finite partition function
then becomes
Z =
∫
DbDcDψDXµe−S[b,c,ψ,X
µ,···] (14)
The path integral over the world-sheet fields b, c now gives the sum over topologies of the
Riemann surfaces, i.e., each topology has a specific contribution to b, c. The path integral over
the world-sheet field ψ, on the other hand, integrates over all conformally inequivalent Riemann
surfaces at each topology, i.e., integrate over the moduli space Mnh of the Riemann surface
with genus nh. The domain of this integral depends on topology of the Riemann surfaces, e.g.,
for sphere ψ = 0 because all spheres are conformally equivalent. The dimension of this integral
is zero for sphere, is two for torus and is 2(3nh − 3) for Riemann surfaces with genus nh. The
partition function, then can be written as
Z =
∞∑
nh=0
g2nh−2s
∫
Mnh
Znh (15)
where the asymptotic value of the dilaton in Znh is zero, i.e., the world-sheet action in the
presence of constant dilaton φ0 which is Sdil = φ0χ(Mnh) = φ0(2 − 2nh) has been extracted
from Znh. For the free theory whose world-sheet is a cylinder from −∞ to +∞ there is no
coupling constant.
The S-matrix elements of N states in the bosonic oriented closed string theory are then
given as
A(1, 2, · · · , N) ∼ gNs
∫
DbDcDψDXµ(V1V2 · · ·Vn)e−S[b,c,ψ,Xµ,···]
=
∞∑
nh=0
g2nh−2+Ns
∫
Mnh
< V1V2 · · ·VN > (16)
where V ’s are the conformal invariant vertex operators corresponding to the particle states,
e.g., the vertex operator corresponding to the ground state |0, p > with momentum pµ is
c(z)c¯(z¯)eip·X or
∫
d2zeip·X (17)
The particle states and their corresponding vertex operators must satisfy the Virasoro con-
straints, e.g., they give the on-shell relation p2 = −m2 = 2 for the above vertex operator. We
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will note fix the numerical normalization of the vertex operators. They appear as an overall
numerical factor in the amplitude (16). One may fix the overall numerical factor of the scat-
tering amplitude by comparing the amplitude at low energy with the corresponding amplitude
constructed from the standard low energy effective actions.
Both forms of the vertex operators (17) may appear in the scattering amplitude. The
dimension of the moduli space of the Riemann surfaces with genus nh and N puncturesMnh,N
is 2(3nh − 3 + N). So for Riemann surfaces with nh > 1, one has to use the integral form of
the vertex operators because the dimension ofMnh is 2(3nh− 3) and each vertex operator has
a two dimensional integral. For sphere, the dimension of Mnh is zero whereas the dimension
of Mnh,N is 2(N − 3). So one has to use three vertex operators with ghost and the other
operators in the integral form. Similarly, for the tours, the dimension of Mnh is two whereas
the dimension ofMnh,N is 2(N), so one has to use one vertex operator with ghost and all others
in the integral form. Alternatively, one may use only the integral form of the vertex operators,
then the integrand of the amplitude should be invariant under a group with 6 parameters for
the sphere, i.e., SL(2, C), and a group with two parameters for the tours. These symmetries
should be fixed by fixing the position of three vertex operators in sphere and the position of one
vertex operator in the tours. After taking into account the proper Jacobian factor which is in
fact the contribution of the ghost if one would use the vertex operator with ghost, the volume
of these groups should be removed from the amplitude. We will use this latter approach for
calculation the scattering amplitudes.
If one includes non-perturbative Dp-brane or Op-plane objects with p < 25 in the bosonic
string theory, then the scattering amplitude of N closed string with nb Dp-branes and nc Op-
planes is given by (16) in which the two-dimensional surfaces have nb boundaries and nc cross-
caps, i.e.,
A(1, 2, · · · , N, nb, nc) ∼
∞∑
nh=0
g2nh+nb+nc−2+Ns
∫
Mnh,nb,nc
< V1V2 · · ·VN > (18)
For the Dp-brane, one should also consider open string vertex operators at the boundaries of
the two-dimensional surfaces which represent perturbative excitations of the Dp-brane. The
dimension of Dp-brane is specified by imposing Newman or Dirichlet boundary condition on
the world-sheet fields. Unitarity requires the open string coupling constant to be related to the
closed string coupling constant as g2o = gs. The above amplitude represents also the scattering
amplitude in superstring theories. For the superstrings, however, one should use the appropriate
vertex operators. Using the Wick theorem, one can calculate the correlation functions in (18)
by using the appropriate world-sheet propagators.
One may also consider the scattering amplitude of closed string vertex operators on the
world-volume of Dp-brane in the presence of constant background B-field. This can be included
into the amplitude (18) by imposing mixed boundary conditions on the world-volume directions
along which the B-field is non-zero [44, 45]. For the open string states, however, the world-
volume of Dp-brane in the presence of constant B-field remains ordinary commutative space in
the Pauli-Villars regularization which is used in the non-linear sigma-model approach to the
effective action, whereas it becomes non-commutative space in the point-splitting regularization
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which is used in the S-matrix approach to the effective action [46], i.e., the open string vertex
operators in the presence of B-field correspond to the non-commutative fields. As a result, there
are two different open string gauge fields. One corresponds to ordinary gauge symmetry and
the other one correspond to non-commutative gauge symmetry. The differential equation which
maps these two variables, has been found by Seiberg and Witten by requiring the ordinary DBI
action in the presence of constant B-field to be mapped to non-commutative DBI action [46].
2.1 Sphere-level amplitude of four tachyons in bosonic theory
In this section we are going to calculate the tree-level scattering amplitude of four tachyons in
the bosonic string theory to show how one can explicitly derive the Virasoro-Shapiro amplitude
[47, 48]. The scattering amplitude (18) for four closed string tachyon vertex operators (17) at
sphere level is
A(1, 2, 3, 4) ∼ g2s < V1V2V3V4 > (19)
To perform the correlators, one needs the propagators of the world-sheet fields Xµ(τ, σ) on
the sphere. Since the amplitude is invariant under conformal transformation, one may perform
conformal transformation to map the sphere to the complex plane. The propagator of Xµ on
the complex plane is2
< Xµ(z)Xν(w) > = −ηµν log(z − w)
< X¯µ(z¯)X¯ν(w¯) > = −ηµν log(z¯ − w¯)
< X¯µ(z¯)Xν(w) > = 0 (20)
where Xµ(z) + X¯µ(z¯) = Xµ(z, z¯). Since there is no propagator between the holomorphic and
the antiholomorphic part ofXµ, the amplitude separates into holomorphic and antiholomorphic
parts, i.e.,
A ∼ g2s
∫
d2z1d
2z2d
2z3d
2z4 <
4∏
i=1
eipi·X(zi) ><
4∏
i=1
eipi·X¯(z¯i) > (21)
Using the following identity between the exponential of arbitrary operators a(z), b(w):
: ea(z) :: eb(w) : = : ea(z)+b(w) : e<a(z)b(w)> (22)
where : O : means normal order of the operator O, one finds
A ∼ g2s
∫
d2z1d
2z2d
2z3d
2z4
∏
i<j
|zi − zj|2pi·pjδ26(p1 + p2 + p3 + p4) (23)
As we have already pointed out, the integrand must be invariant under the 6-parameter group
SL(2, C) because we have used the integral form of the vertex operators in (19). The SL(2, C)
transformation is
z → z′ = az + b
cz + d
; z¯ → z¯′ = a
∗z¯ + b∗
c∗z¯ + d∗
(24)
2Our conventions set α′ = 2.
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where the complex parameters a, b, c, d satisfy ad − bc = 1. Under this transformation, one
finds
d2z′i =
d2zi
|czi + d|4 & |z
′
i − z′j |2 =
|zi − zj |2
|czi + d|2|czj + d|2 (25)
Using the on-shell condition p2i = 2, one observes that the integrand is invariant under the
SL(2, C) transformation, so the amplitude becomes infinite. To avoid this infinity, one must
fix the SL(2, C) symmetry. The infinitesimal form of the SL(2, C) transformation is
δz = α1 + α2z + α3z
2 (26)
where α1, α2, α3 are the three complex parameters of the group. One should use these three
parameters to fix the position of three vertex operators at arbitrary points, i.e.,∫
d2z1d
2z2d
2z3 = det [
∂(z1, z2, z3)
∂(α1, α2, α3)
]
∫
d2α1d
2α2d
2α3 (27)
Using (26), one finds the Jacobian factor to be |(z1−z2)(z2−z3)(z1−z3)|2. The integral over the
parameters gives the volume of SL(2, C) group which should be removed from the amplitude.
Choosing z1 = 0, z2 = 1, z3 =∞, z4 ≡ z, the amplitude then becomes
A ∼ g22
∫
d2|z|2p1·p4|1− z|2p2·p4 (28)
where we have also omitted for simplicity the Dirac delta-function on the momenta. Using
definition of the gamma function, i.e., Γ(α) =
∫∞
0 dxx
α−1e−x, one can write
|z|−2α = 1
Γ(α)
∫ ∞
0
dx xα−1e−x|z|
2
|1− z|−2β = 1
Γ(β)
∫ ∞
0
dx xβ−1e−x|1−z|
2
(29)
This turns the z-integration in (28) into a Gaussian that can be explicitly carried out, i.e.,
A ∼ g
2
s
Γ(−p1 · p4)Γ(−p2 · p4)
∫ ∞
0
dxdy x−p1·p4−1y−p2·p4−1
∫
d2ze−x|z|
2−y|1−z|2 (30)
The Gaussian integral becomes∫
d2ze−x|z|
2−y|1−z|2 =
π
x+ y
e−
xy
x+y (31)
Using the change of variables as x = n/m, y = n/(1−m), one finds
A ∼ πg
2
s
Γ(−p1 · p4)Γ(−p2 · p4)
∫ 1
0
dm(1−m)p2·p4mp1·p4
∫ ∞
0
dnn−(p2·p4+p1·p4+2)e−n (32)
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The last integral can be written in terms of the gamma function. Using the definition of the
beta function, B(α, β) =
∫ 1
0 dx(1− x)α−1xβ−1, one finds the following final result:
A ∼ πg2s
Γ(−t/2− 1)Γ(−s/2− 1)Γ(−u/2− 1)
Γ(u/2 + 2)Γ(s/2 + 2)Γ(t/2 + 2)
(33)
where we have also written the result in terms of the Mandelstam variables t = −(p1 + p2)2,
s = −(p1 + p4)2 and u = −(p1 + p3)2. This is the Virasoro-Shapiro amplitude [47, 48].
This amplitude has manifest symmetry amongst t-, s- and u-channels. From the poles of
the gamma functions, one finds that the amplitude has simple poles at s, t, u = −2, 0, 2, 4, · · ·.
Since the poles of the tree-level scattering amplitudes correspond to the propagation of on-
shell intermediate particles, one realizes that the mass of the intermediate particles are m2 =
−2, 0, 2, 4, · · ·. The first one corresponds to the closed string tachyon, the second one cor-
responds to the graviton and all others correspond to infinite tower of massive closed string
states.
2.2 Sphere-level amplitude of four gravitons in type II theory
In this section, we are going to review the calculation of the scattering amplitude of four
gravitons at sphere-level and discuss how higher derivative couplings of gravitons in type II
superstring theory can be found from the scattering amplitude.
In superstring theory, the world-sheets carry background charge of the superghost field φ (see
e.g., [49]). The sphere in type II theory carries independent background charge for holomorphic
and for antiholomorphi part of φ, i.e., Qφ = (2, 2). These charges must be compensated by the
vertex operators in the scattering amplitude. In fact, in superstring theory, a given physical
state can carry different superghost charges. As a result, there are different vertex operators
corresponding to a given physical state. One must choose the vertex operators in a scattering
amplitude such that they compensate the background charge of φ. The scattering amplitude
(18) for four superstring graviton vertex operators at sphere-level is
A(1, 2, 3, 4) ∼ g2s < V (0,0)1 V (0,0)2 V (−1,−1)3 V (−1,−1)4 > (34)
where the superscripts represent the superghost charges. The graviton vertex operator in
pictures (0, 0) and (−1,−1) are given as (see e.g., [49])
V (0,0) = εµν
∫
d2z : (∂Xµ + ip · ψψµ)eip·X : (∂¯X¯ν + ip · ψ¯ψ¯ν)eip·X¯ :
V (−1,−1) = εµν
∫
d2z : e−φψµeip·X : e−φ¯ψ¯νeip·X¯ : (35)
The vertex operators satisfy the Virasoro constraint provided that the momentum and the
polarization tensor satisfy the on-shell relations p2 = 0 = pµεµν . The propagators for the X
µ
and φ are the same as (20), and the propagators for ψµ are
< ψµ(z)ψν(w) > = − η
µν
z − w
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< ψ¯µ(z¯)ψ¯ν(w¯) > = − η
µν
z¯ − w¯
< ψµ(z)ψ¯ν(w¯) > = 0 (36)
Since there is no propagator between holomorphic and antiholomorphic, one may write εµν =
ξµξ¯ν and separates the amplitude to holomorphic and antiholomorphic parts. Then using the
above propagators, one can perform different correlators in (34) and show that the integrand
is invariant under SL(2, R) × SL(2, R) transformations. Fixing this symmetry, one can write
the result in terms of the gamma functions as in the previous section. The result is [50]
A ∼ g2sKK¯
Γ(−t/2)Γ(−s/2)Γ(−u/2)
Γ(u/2 + 1)Γ(s/2 + 1)Γ(t/2 + 1)
δ10(
4∑
i=1
pi) (37)
where the kinematic factor K is
K = −p2 · p3p2 · p4ξ1 · ξ2ξ3 · ξ4 − p1 · p2[ξ1 · p4ξ3 · p2ξ2 · ξ4 + ξ2 · p3ξ4 · p1ξ1 · ξ3 (38)
+ ξ1 · p4ξ4 · p2ξ2 · ξ3 + ξ2 · p4ξ3 · p1ξ1 · ξ4] + {1, 2, 3, 4→ 1, 3, 2, 4}+ {1, 2, 3, 4→ 1, 4, 3, 2}
Similarly for K¯. Using the identity Γ(x)Γ(1 − x) = π/ sin(πx), the amplitude may be written
in terms of the product of two disk-level scattering amplitude of four gauge bosons, one cor-
responds to the holomorphic part and the other one corresponds to the antiholomorphic part,
i.e.,
A ∼ sin(−πt/2)
π
(
gsK
Γ(−t/2)Γ(−s/2)
Γ(1 + u/2)
)(
gsK¯
Γ(−t/2)Γ(−u/2)
Γ(1 + s/2)
)
δ10(
4∑
i=1
pi)
where the first parenthesis is the disk-level scattering amplitude of four gauge bosons in t, s-
channel, and the second one in t, u-channel [50]. Such relation which is known as Kawai-
Lewellen-Tye (KLT) relation [51], is expected to be holed for all other closed string amplitudes.
In the amplitude (37), α′ = 2. Using the fact that the amplitude should be dimensionless,
one can restore the α′ factors. Up to the overall numerical factor, the amplitude can be written
as
A ∼ g
4
sα
′3
2κ210
KK¯
Γ(−t/2)Γ(−s/2)Γ(−u/2)
Γ(u/2 + 1)Γ(s/2 + 1)Γ(t/2 + 1)
δ10(
4∑
i=1
pi) (39)
where 2κ210 = g
2
s(2π
√
α′)8/2π = 2κ2g2s , and the Mandelstam variable t become t = −α′(p1 +
p2)
2/2. Similarly for all other Mandelstam variables. From the poles of the gamma functions
in (39), one finds that the amplitude has simple poles at s, t, u = 0, 2, 4, · · · which correspond
to the masses of the intermediate closed string states m2 = 0, 2, 4, · · ·. String field theory (see
e.g., [52]) which contains iteration of graviton with all of the massive states should produce the
amplitude (37) and any other amplitude (18) which the perturbative string theory produces .
One may expand the gamma functions in (39) around α′ → 0, i.e.,
A ∼ g
4
sα
′3
2κ210
KK¯
(
− 8
stu
− 2ζ(3) + · · ·
)
δ10(
4∑
i=1
pi) (40)
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where dots represent terms with higher orders of the Mandelstam variables, i.e., higher order
of α′. The amplitude has now simple poles at s, t, u = 0 and contact terms with infinite number
of momenta. There should be an action which contains gravitons with infinite number of
higher derivatives which produces the amplitude (40) and produces α′-expansion of any other
amplitude in perturbative string theory.
To find the relation between this action and the string field theory action, let us denote the
(finite number of ) massless fields collectively as Φ0, and the (infinite number of ) heavy fields
collectively as ΦH . The appropriate string field theory should describe the string theory by a
classical action S[Φ0,ΦH ] governing these fields and their couplings. One may integrate out all
massive fields to find a Wilsonian effective action Seff [Φ0] in terms of only massless fields. The
effect of massive fields appear as infinite number of higher derivatives on the massless fields in
the effective action, i.e.,
e−Seff [Φ0] =
∫
DΦHe
−S[Φ0,ΦH ] (41)
While the n-point function (12) with the string field theory S[Φ0,ΦH ] should reproduce the
amplitude (37), the n-point function (12) with the Wilsonian effective action Seff [Φ0] should
reproduce the amplitude (40).
The effective action has the following expansion:
Seff [Φ0] =
∞∑
n=0
α′nSn[Φ0] (42)
The first term of the expansion, i.e., S0[Φ0], is known for all string theories, e.g., in type IIB it
is given by (1). Unlike the leading order action which has neither genus nor non-perturbative
contributions, the actions at higher orders have both genus and non-perturbative corrections.
If would be extremely hard to find the effective action completely. Even the action at the next
to the leading order in which we are interested is not completely known.
The sphere-level scattering amplitude of any other four massless closed string vertex opera-
tors in type II supergravity has the same structure as (37). The kinematic factor KK¯, however,
depends on external states. So all such amplitudes have the same expansion as (40). The first
term in (40) which is at the zeroth order of α′, are reproduced by S0[Φ0] [53, 54, 55] and the
second term which is at order α′3, should produce four-field couplings at eight-derivative level.
The kinematic factor K in (38) has four derivatives. If one considers ξ’s as the polarization
tensors of open string gauge bosons, then K produces four gauge field strength couplings as
t8F
4 where the tensor t8 is antisymmetric within a pair of indices and is symmetric under
exchange of the pair of indices [50], i.e., for four arbitrary antisymmetric matrices M1, · · · ,M4
it is given as
1
8
t8M
1M2M3M4 = −
[
Tr(M1M2M3M4) + Tr(M1M3M2M4) + Tr(M1M3M4M2)
]
+
1
4
[
Tr(M1M2)Tr(M3M4) + Tr(M1M3)Tr(M2M4) + Tr(M1M4)Tr(M2M3)
]
(43)
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In terms of this tensor, the second term in (40) produces t8t8R
4 for four-Riemann curvature
couplings [56]. There is another four-Riemann curvature coupling, i.e., ǫ8ǫ8R
4 which is total
derivative at four-metric level so its presence in the effective action could not be confirmed by
four-gravitons amplitude. The coefficient of this term has been found from the non-linear σ-
model approach [57, 58] to be 1/4 with respect to the first term. It has been recently confirmed
this term is consistent with the sphere-level S-matrix element of five graviton vertex operators
[59].
The B-field and dilaton couplings at four-field level have been added to t8t8R
4 by extending
the Riemann curvature in the Einstein frame to the generalized Riemann curvature at the linear
order [60]3, i.e.,
R¯µν
αβ = Rµν
αβ − η[µ[αφ,ν]β] + e−φ/2Hµν [α,β] (44)
where the bracket notation is Hµν
[α,β] = 1
2
(Hµν
α,β − Hµνβ,α), and comma denotes the partial
derivative. Using the relation between the Einstein frame metric and the string frame metric
Gµν = e
−φ/2Gsµν , one observes that the dilaton term in above equation is canceled in trans-
forming the linearized Riemann curvature from the Einstein frame to the string frame [61],
i.e.,
R¯µναβ =⇒ e−φ/2Rµναβ (45)
where on the right hand side the metric is in the string frame. In above equation, Rµναβ is the
following expression
Rµναβ = Rµναβ +Hµν[α;β] (46)
where we have also extended the ordinary derivative to the covariant derivative, and the lin-
earized Riemann curvature to the covariant Riemann curvature. The action involving Riemann
curvature, ∇H and ∇∇φ at the sphere level then becomes
SII ⊃ γζ(3)
3.27κ2
∫
d10xe−2φ
√−G(t8t8R4 + 1
4
ǫ8ǫ8R
4) (47)
where γ = α
′3
25
and the metric is in the string frame. The above action, however, does not
include couplings involving H and ∇φ. It does not include RR fields either. In principle, all
these couplings may be found by extracting the corresponding sphere-level S-matrix elements.
For example, the couplings involving only H at eight-derivative level have structure H8. These
couplings may be found by analyzing the sphere-level S-matrix element of eight vertex operators.
However, it is extremely difficult to calculate such S-matrix element and to extract its eight-
momentum contact terms. Even worse, the action has genus and non-perturbative corrections.
The latter can not be found from the perturbative S-matrix elements (18). So we have to use
another technique to find such couplings. One expects the consistency of the couplings found
in (47) with dualities may fix all other couplings.
3Note that the normalizations of the dilation and B-field here are
√
2 and 2 times the normalization of the
dilaton and B-field in [60], respectively.
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2.3 Disk-level amplitude of two closed strings and its α′2-couplings
In this section, we are going to review the calculation of the scattering amplitude of two massless
closed strings at disk-level in type II superstring theory and discuss how higher derivative
couplings in the DBI and WZ actions can be found from the scattering amplitudes.
In type II theory the background charge of disk is Qφ = 2. The S-matrix element (18)
for two gravitons at disk-level which represents the scattering amplitude of one graviton off a
Dp-brane, is
A(1, 2) ∼ gs < V (0,0)1 V (−1,−1)2 > (48)
where the graviton vertex operators are given in (35). The vertex operators for Kalb-Ramond
B-field and for dilaton are the same as (35) in which the polarization tensor is antisymmetric for
B-field and is εµν ∼ ηµν+pµℓν+pνℓµ where the auxillary vector ℓµ satisfies ℓ ·p = 1, for dilation.
The dimension of Dp-brane is specified by imposing Newman or Dirichlet boundary condition
on world sheet fields Xµ, ψµ. Because of the boundary conditions, the holomorphic and anti-
holomorphi part of fields on disk are not independent. The propagators between holomorphic
fields and between antiholomorphic fields are the same as the sphere propagators, however, the
propagators between holomorphic and antiholomorphic fields depend on boundary conditions
on fields. Using conformal transformation to map disk to the upper-half plane, one finds the
standard propagators (20) and (36) between holomorphic fields and between antiholomorphic
fields, and the following propagators between holomorphic and antiholomorphic fields:
< Xµ(z)X¯ν(w¯) > = −Dµν log(z − w¯)
< ψµ(z)ψ¯ν(w¯) > = − D
µν
z − w¯
< φ(z)φ¯(w¯) > = − log(z − w¯) (49)
where matrix Dµν = ηµν for the directions that the Newman boundary condition is imposed
and Dµν = −ηµν for the directions that the Dirichlet boundary condition is imposed, i.e., for
Dp-brane it is Dµ
ν = diag(1, 1, · · · , 1︸ ︷︷ ︸
p+1
,−1,−1, · · · ,−1). One may use the doubling trick [62]
X¯µ(z¯)→ DµνXν(z¯) , ψ¯µ(z¯)→ Dµνψν(z¯) , φ¯(z¯)→ φ(z¯) (50)
to remove the matrix Dµν from the propagators (49). The above replacement makes the anti-
holomorphic fields in the vertex operator (35) to be in terms of holomorphic fields, the momen-
tum in the antiholomorphic part to be p·D and the overall polarization tensor to be (ε·D)µν.
The dimension of the moduli space of disk with two punctures is one, so the integrand in (48)
must be invariant under a group with three real parameter. In fact, using the above propagators,
one can perform different correlators in (48) and show that the integrand is invariant under
SL(2, R) transformations. Fixing this symmetry, by setting z1 = i and z2 − iy, i.e.,∫
d2z1d
2z2 →
∫ 1
0
dy(1− y2) (51)
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one can write the result in terms of the gamma functions as in the previous sections. The result
is [62]
A ∼ α′2g2sTpK(1, 2)
Γ(−t/2)Γ(−2q2)
Γ(1− t/2− 2q2)δ
p+1(p1 ·V + p2 ·V ) (52)
where t = −α′(p1 + p2)2/2 is the momentum transfer to the Dp-brane, and q2 = −α′(p1 ·V )2/2
is the momentum flowing parallel to the world-volume of the Dp-brane. In above amplitude,
we have also restored the α′ dependence by using the fact that the amplitude should be di-
mensionless. In the amplitude Tp =
1
gs(2π)p(
√
α′)p+1
is the Dp-brane tension in the string frame
and the matrix V µν is Vµ
ν = diag(1, 1, · · · , 1︸ ︷︷ ︸
p+1
, 0, 0, · · · , 0). Note that for the convention α′ = 2,
α′2g2sTp = gs, up to a numerical factor. The kinematic factor K(1, 2) is
K(1, 2) = 2q2a1 +
t
2
a2 (53)
and the explicit form of a1, a2 is [62]
a1 = Tr(ε1 ·D) p1 ·ε2 ·p1 − p1 ·ε2 ·D·ε1·p2 − p1 ·ε2 ·εT1 ·D·p1 − p1 ·εT2 ·ε1 ·D·p1
−1
2
(p2 ·εT1 ·ε2 ·p1 + p1 ·ε2·εT1 ·p2) +
1
2
p1 ·D·p1Tr(ε1 ·εT2 ) +
{
1←→ 2
}
a2 = Tr(ε1 ·D) (p1 ·ε2 ·D·p2 − p2 ·D·ε2 ·D·p1)
+p1 ·D·ε1 ·D·ε2·D·p2 − p2 ·D·ε2·εT1 ·D·p1 +
1
2
p1 ·D·p1Tr(ε1 ·D·ε2·D)
−1
2
p1 ·D·p1Tr(ε1 ·εT2 )−
1
2
Tr(ε1 ·D)Tr(ε2 ·D) (p1 ·D·p1 + p1 ·p2) +
{
1←→ 2
}
(54)
The disk-level scattering amplitude of any other two massless closed string vertex operators in
type II supergravity has the same structure as (52). The kinematic factor K(1, 2), however,
depends on external states. We refer the interested readers to [62] for the explicit form of
the kinematic factor for all other states. A constant background B-field can be added to the
scattering amplitude (52) by extending the diagonal matrices Dµν and V µν to non-diagonal
matrices which include the background B-field [45].
From the poles of the gamma functions in (52), one finds that the amplitude has simple
poles at t = 0, 2, 4, · · · in the t-channel which correspond to the masses of the intermediate
closed string states m2 = 0, 2, 4, · · ·, and at q2 = 0, 1/2, 1, 3/2, · · · in the q2-channel which
correspond to the masses of the intermediate open string states m2open = 0, 1/2, 1, 3/2, · · ·. The
world-volume string field theory which contains iteration of graviton with all of the massive
open and closed states should produce the amplitude (52).
One may expand the gamma functions in (52) around α′ → 0, i.e.,
A ∼ α′2g2sTpK(1, 2)
(
− 1
tq2
− π
2
6
+ · · ·
)
δp+1(p1 ·V + p2 ·V ) (55)
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where dots represent terms with higher orders α′. The amplitude has now simple poles at
q2, t = 0 and contact terms with infinite number of momenta. The simple poles are reproduced
by the DBI action and the supergravity. The higher derivative extension of the DBI action
should produce the contact terms of the amplitude (55).
The amplitude (55) at order α′2 has only contact term, i.e.,
A(α′2) ∼ −π
2
6
α′2g2sTpK(1, 2)δ
p+1(p1 ·V + p2 ·V ) (56)
It must be reproduced by some covariant couplings at order α′2 which include the two massless
NS-NS fields. That is, one has to write all such couplings with unknown coefficients, and then
transform their corresponding two-field couplings to the momentum space and use the on-shell
conditions. The result should be the same as (56). This constrains the unknown coefficients.
In this way, the higher derivative corrections at order α′2 involving Riemann curvature, the
second fundamental form, ∇H and ∇∇φ have been found in [25, 29, 32, 29] to be
SDBIp ⊃ −
π2α′2Tp
48
∫
dp+1x e−φ
√
−G˜
[
(RT )abcd(RT )
abcd − 2R¯abR¯ab − (RN )abij(RN)abij
+2R¯ijR¯ij + 1
2
∇aHbci∇aHbci − 1
6
∇aHijk∇aH ijk − 1
3
∇iHabc∇iHabc
]
(57)
where G˜ is determinant of the pull-back metric, G˜ab = ∂aX
µ∂bX
νGµν , and the curvatures
(RT )abcd and (RN)
abij are related to the projections of the bulk Riemann curvatures into world-
volume and transverse spaces, and to the second fundamental form via the Gauss-Codazzi
equations, i.e.,
(RT )abcd = Rabcd + δij(Ω ac
iΩ bd
j − Ω adiΩ bcj)
(RN )ab
ij = Rab
ij + G˜cd(Ω ac
iΩ bd
j − Ω acjΩ bdi) (58)
The curvatures R¯ab and R¯ij are related to the Riemann curvatures, the second fundamental
form and to the second derivative of dilaton via the following relations:
R¯ab = Rcacb + δij(ΩcciΩ abj − Ω caiΩbcj) +∇a∇bφ
R¯ij = Rcicj + δikδjlΩabkΩabl +∇i∇jφ (59)
The world-volume indices in (59) and (57) are raised by the inverse of the pull-back metric, and
the transverse indices in (57) are raised by δij . Note that if Aµ, Bµ are two spacetime vectors, one
can write AaB
a = AaBbG˜
ab = AµBν∂aX
µ∂bX
νG˜ab = AµBνG˜
µν where the projection operator
G˜µν is the first fundamental form, and AiB
i = AiBjδ
ij = AµBνζ
µ
i ζ
ν
j δ
ij = AµBν⊥µν where ζµi
is a orthonormal frame for the normal bundle and ⊥µν is a projection operator that projects
spacetime tensors to the normal space. The two projections satisfy G˜µν +⊥µν = Gµν . So one
can write world-volume couplings either in terms of world-volume and transvers indices, or in
terms of spacetimes indices in which the metric Gµν and the first fundamental form are used
to contract the indices.
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The second fundamental form is defined as the covariant derivative of the tangent vectors
∂aX
µ, i.e., Ωab
µ = ∇a∂bXµ (see e.g., the appendix in [25]). Using the relation ∇a(AbBµ) =
(∇aAb)Bµ + Ab∂aXν∇νBµ, one finds
Ωab
µ = ∂a∂bX
µ − Γ˜abc∂cXµ + Γabµ (60)
where Γ˜ab
c is the world-volume connection constructed from the pull-back metric and Γab
µ
is pull-back of the spacetime connection. Using the fact that ∇aG˜bc = 0 and ∇aGµν =
∂aX
ρ∇ρGµν = 0, one observes that the projection of the second fundamental form to the
world-volume is zero. The projection of this tensor to the normal space which appears in (58)
and (59) is
Ωab
i ≡ ΩabµζνjGµνδij (61)
Note that the vectors ζµi do not appear in the action, i.e., δijΩab
iΩcb
j = ⊥µνΩabµΩcdν where
⊥µν = GαµGβν⊥αβ . To relate the second fundamental form to the open string transvser scalars,
one has to write the above covariant coupling in the static gauge in which Xa = σa and the
other components are the transverse scalar fields, i.e., X i = χi. In this gauge, ∇a∂bXc = 0 and
⊥µνΩabµΩcdν = ⊥ijKabiKcdj (62)
where Kab
i is
Kab
i = ∂a∂bχ
i − Γ˜abc∂cχi + Γabi + Γaji∂bχj + Γbj i∂aχj + Γjki∂aχj∂bχk (63)
and Γab
i, Γaj
i, Γjk
i are different components of the spacetime connection. In finding the cou-
plings of one massless closed and two open strings [25], one considers only the first term in Kab
i.
All other terms should be reproduced by the contact terms of the higher S-matrix elements.
Analyzing the α′2-order terms in amplitude (56) for one RR and one NSNS vertex operators,
the higher derivative corrections to the WZ action at order α′2 involving one RR and one NSNS
fields have been found in [63] to be
SWSp ⊃ −
π2α′2Tp
24
∫
dp+1x ǫa0···ap
(
1
3!(p+ 1)!
∇aF (p+4)ia0···apjk∇aH ijk (64)
+
2
p!
[
1
2!
∇aF (p+2)ija1···ap(RN )a0aij +
1
p+ 1
∇jF (p+2)ia0···apR¯ij]
+
1
2!(p− 1)! [∇
aF (p)ia2···ap∇iHaa0a1 −
1
p
∇iF (p)a1a2···ap(∇aHiaa0 −∇jHija0)]
)
where F (p) is the linearized RR field strength, i.e., F (p) = dCp−1. The above couplings include
F (1), · · · ,F (9) where F (9) = ⋆10F (1), F (8) = ⋆10F (2), F (7) = ⋆10F (3), F (6) = ⋆10F (4) and F (5) =
⋆10F (5). Here also the world-volume indices are raised by the inverse of the pull-back metric, the
transverse indices are raised by δij, and the tensors with the lower indices are the projections
of the bulk tensors into world-volume and transverse spaces.
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Analyzing the α′2-order terms in amplitude (56) for two RR vertex operators, the higher
derivative corrections to the Dp-brane action at order α
′2 involving two RR fields have been
found in [32] to be4
SDBIp ⊃ −
π2α′2Tp
96
∫
dp+1x eφ
√
−G˜
(
4∑
n=1
1
n!
[
(p− 4)∇aF (n) ·∇aF (n) − nDµν∇aF (n)µ ·∇aF (n)ν
+4δn,p∇µF (n) ·V ·∇µF (n) + 4nδn,p+2∇µF (n)i ·V ·∇µF (n) i
]
+
4∑
n=1
1
(10− n)!
[
4δ10−n,p∇µF (10−n) ·V ·∇µF (10−n) + 4(10− n)δ10−n,p+2∇µF (10−n)i ·V ·∇µF (10−n) i
]
+
1
5!
[
(p− 4)∇aF (5) ·∇aF˜ (5) − 5Dµν∇aF (5)µ ·∇aF˜ (5)ν
+4δ5,p∇µF˜ (5) ·V ·∇µF˜ (5) + 20δ5,p+2∇µF˜ (5)i ·V ·∇µF˜ (5)i
])
(65)
where F (10−n) = ⋆10F (n) for n = 1, 2, 3, 4, and F˜ (5) = F (5) + ⋆10F (5). Our notation is such that
A · B = Aµν···Bµν··· and A · V ·B = Aab···Bab···.
The nonlinear RR field strength however is
F (n) = F (n) +H ∧ C(n−3) (66)
which is invariant under gauge transformation δC = dΛ + H ∧ Λ where C = ∑8n=0C(n) and
Λ =
∑7
n=0 Λ
(n). So the RR gauge symmetry requires one to replace the linearized RR field
strength F (n) in (64) and (65) by the nonlinear field strength F (n). This then produces many
new couplings. The above D-brane actions at order α′2, however, do not include all closed
string couplings at this order, e.g., the action does not include H4 or F 4 couplings. The action
has also open string couplings. In principle, all these couplings may be found by extracting
the corresponding disk-level S-matrix elements. For example, the couplings involving H4 may
be found by analyzing the disk-level S-matrix element of four vertex operators. However, it is
very hard to calculate such S-matrix element and to extract its four-momentum contact terms.
See [64, 65, 66, 67, 68] for the calculations of the disk-level S-matrix element of one specific
RR and two NSNS vertex operators from which some of the couplings of one RR and two
NSNS fields at order α′2 have been extracted. The disk-level S-matrix element of one arbitrary
RR and two NSNS vertex operators have been calculated in [69]. See [70, 67, 76, 77] for the
S-matrix element of two massless closed and one open strings and also [70, 71, 72, 73] for the
calculations of disk-level S-matrix element of one RR and three open string states. One may
use an extension of the KLT relation, to write the disk-level S-matrix elements of closed and
open string vertex operators in terms of disk-level S-matrix elements of only open string vertex
operators [62, 74, 75].
4Note that, there is a typo in a1 in equation above (12) in [32] as an extra ⋆10 operator. Since in a1 there is
one projection operator P−, there should be only one ⋆10 in a1.
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2.4 PR2-level amplitude of two closed strings and its α′2-couplings
To introduce Op-planes in type II theory, one may consider the Z2 group defined by the trans-
formations σ → −σ and X i → −X i. The first one reverses the orientation of string and the
second one is a reflection in spacetime. The orientation reversal interchanges the right-moving
and the left-moving modes. The type II theory has this global symmetry. If one gauges this
symmetry, then the states in the gauge invariant theory must be invariant under this Z2 trans-
formations. For example, graviton which has no index along the i-directions, survives because
graviton is symmetric between right-moving and left-moving modes. Similarly, a Kalb-Ramond
field with one index along the i-directions, survives because Kalb-Ramond is antisymmetric
under interchanging the right-moving and left-moving modes. The extra minus sign resulted
from the spacetime reflection then makes the Kalb-Ramond field to be invariant under the Z2
transformations. The Kalb-Ramond state with no index along i-directions and graviton with
one index along the i-directions are projected out. In the gauge invariant theory, there is an
object, i.e., Op-plane, orthogonal to the i-directions which causes the above projections. The
Op-plane is at the fixed point of the spacetime reflection, i.e., it is not dynamical objects. As a
result, there is no open string excitations for Op-planes. However, they carry mass and charges
so closed string fields can couple to the world-volume of Op-planes.
In this section, we are going to review the calculation of the scattering amplitude of two
massless closed strings at projective-plane level in type II superstring theory and discuss how
higher derivative couplings appear in the world-volume theory of Op-planes. In type II theory
the background charge of th projective plane is Qφ = 2. The S-matrix element (18) for two
gravitons at PR2-level which represents the scattering amplitude of one graviton off an Op-
plane, is
A(1, 2) ∼ gs < V (0,0)1 V (−1,−1)2 > (67)
The graviton vertex operator in the presence of Op-plane has the following structure [78]:
V (p, ε) =
∫
d2z
[
V(p, p·D, ε·D, z, z¯) + V(p, p·D, ε·D, z¯, z)
]
(68)
where the vertex operator V(p, p·D, ε·D, z, z¯) is the graviton vertex operator after using the dou-
bling trick (50). The dimension of Op-plane is specified by imposing the cross-cap condition on
world sheet fields Xµ, ψµ. Because of the cross-cap, the holomorphic and antiholomorphi parts
of fields on PR2 are not independent. The propagators between holomorphic fields and be-
tween antiholomorphic fields are the same as the sphere propagators, however, the propagators
between holomorphic and antiholomorphic fields, after using the doubling trick, are
< Xµ(z)Xν(w¯) > = −ηµν log(1 + zw¯)
< ψµ(z)ψν(w¯) > = − η
µν
1 + zw¯
< φ(z)φ(w¯) > = − log(1 + zw¯) (69)
Unlike the disk calculation, here one can not map the amplitude to the upper-half plane, because
the RP 2 has no boundary wherese the upper-half plane has boundary.
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Replacing the vertex operator (68) into (67), and using the above propagators, one finds
the integrand is invariant under the following transformations:
z → az + b
cz + d
, z¯ → −dz¯ − c
bz¯ − a ; ad− cb = 1 (70)
which is consistent with the fact that the dimension of the moduli space of PR2 with two
punctures is one. Fixing this symmetry by setting z1 = 0 and |z2| = r, i.e.,∫
d2z1d
2z2 → ∫ 10 dr2 (71)
one can write again the result in terms of gamma functions. The result is [78]
A ∼ α′2g2sT ′pK(1, 2)
Γ(−t/2)Γ(−u/2)
Γ(1− t/2− u/2)δ
p+1(p1 ·V + p2 ·V ) (72)
where T ′p is the tension of Op-plane, t = −α′(p1+ p2)2/2 and u = −α′(p1+ p2·D)2/2. Using the
fact that (p2·D)µ is transformation of momentum pµ2 under the Z2 transformation, one observes
that the two channels here are closed string channels. The kinematic factor K(1, 2) is exactly
the same as for the Dp-branes case. The PR
2-level scattering amplitude of any other two
massless closed string vertex operators in type II supergravity has the same structure as (72).
The kinematic factor K(1, 2), however, depends on external states. In all cases the kinematic
factors are the same as the corresponding factor for disk amplitude [78].
One may expand the gamma functions in (72) around α′ → 0, i.e.,
A ∼ α′2g2sT ′pK(1, 2)
(
− 4
tu
− π
2
6
+ · · ·
)
δp+1(p1 ·V + p2 ·V ) (73)
where dots represent terms with higher orders α′. The amplitude has simple poles at u, t = 0
and contact terms with infinite number of momenta. The simple poles are reproduced by the
DBI action and the supergravity. The higher derivative extension of the DBI action should
produce the contact terms of the amplitude (73). The amplitude (73) at order α′2 has only
contact term, i.e.,
A(α′2) ∼ −π
2
6
α′2g2sT
′
pK(1, 2)δ
p+1(p1 ·V + p2 ·V ) (74)
Since the kinematic factor for Op-planes are exactly those for Dp-branes, the two closed string
couplings at order α′2 are exactly given by (57), (64) and (65) in which the second fundamental
form is set to zero, i.e., geodesic embedding. In fact the gravity part of the second fundamental
form (63) has one index along the i-directions, as a result, it is projected out under the Z2
transformation. There are many couplings of massless closed string fields at order α′2 which
do not appear in (57), (64) and (65). These couplings have also genus and non-perturbative
corrections. The latter can not be found from the perturbative S-matrix elements (18). So
we have to use another technique to find such couplings. One expects the consistency of the
couplings in (57), (64) and (65) with dualities may fix all other couplings.
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3 String dualities
In this section, we are going to briefly review the T-duality and S-duality in string theory which
lead to the conclusion that the five super string theories in 10-dimensional spacetime are not
fundamental, but are different limits of the M-theory. One may use these dualities to constrain
the effective actions of the superstring theories and their non-perturbative objects at the higher
order of α′. We begin with the T-duality. See [79, 80] for review articles on T-duality.
3.1 T-duality
If one compares the spectrum of the bosonic string theory on R(25) × S(1) where the circle has
radius ρ, and on R(25)× S˜(1) where the circle has radius α′/ρ, one would find the spectra in the
two cases are identical, i.e., the infinite tower of the winding modes in one case correspond to
the infinite tower of the Kaluza-Kelin modes in the other case, and vice versa. This indicates
that the bosonic string theory is invariant under T-duality when it is compactified on a circle.
Similarly, the type IIA superstring theory and the heteratic Hso(32) theory on a circle with
radius ρ are T-dual of the type IIB and the heterotic HE8×E8 on a circle with radius α
′/ρ,
respectively.
If one extends the circle to tours T n, then one would find that the spectrum of the bosonic
string theory is invariant under the T-duality group O(n, n, Z). In fact, the mass spectrum of
the free bosonic theory on T n with metric Gij and B-field Bij is (see e.g., [14])
M2 = 4(NR +NL − 2) + 2(W i Ki)G−1ij
(
W j
Kj
)
(75)
where W i, Ki are winding and Kaluza-Kelin numbers, NR, NL are the right-moving and left-
moving number operators, which satisfy the level-matching condition NR − NL = W iKi, and
Gij and its inverse are
Gij =
(
G−1ij −G−1ik Bkj
BikG
−1
kj Gij − BikG−1kl Blj
)
; G−1ij =
(
Gij −BikG−1kl Blj BikG−1kj
−G−1ik Bkj G−1ij
)
(76)
The spectrum and the level-matching condition are invariant under the following transforma-
tions: 
W i → Ki
Ki →Wi
G−1 → G
;
{
Ki → Ki +NijW j
Bij → Bij +Nij (77)
where Nij is an antisymmetric matrix of integers. The first one is called inverse transformation
and the second one is called shift transformation.
Now consider the orthogonal group O(n, n, Z) whose elements satisfy the relation
AT
(
0 1n
1n 0
)
A =
(
0 1n
1n 0
)
(78)
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Under this group, the winding and the KK numbers transform as doublet, i.e.,(
W
K
)
→ O
(
W
K
)
(79)
and the generalized metric G transform as
G → OGOT (80)
The spectrum and the level-matching condition are invariant under these transformations. The
two specific O(n, n, Z) matrices
A =
(
0 1n
1n 0
)
; A =
(
1n 0
Nij 1n
)
(81)
correspond to the inverse and to the shift transformations, respectively. They generate an
arbitrary O(n, n, Z) matrix.
When there is no winding and KK numbers, one may still consider the inverse transfor-
mation in (77) to relate the massless fields, i.e., the metric and the B-field, on the tours to
their corresponding fields in the dual tours. One can write the inverse transformation on the
generalized metric, i.e., G → G−1 as the following transformation:
Qij → Q−1ij (82)
where Qij = Gij +Bij .
The above transformation should be extended to curved spacetime with background fields.
Such transformations have been found by Buscher [81, 82]. To rederive them in the path-
integral formalism [86], consider sphere-level path-integral (15) in the bosonic string theory
that includes the general background fields GMN(X
µ, X i), BMN(X
µ, X i), and φ(Xµ, X i), i.e.,
Z =
∫
DXM e−
∫
d2z(QMN∂zXM∂z¯XN+R(2)φ) (83)
The dilaton action is one order of α′ higher than the action for metric and B-field, i.e., the
dilaton is one-loop action in the world-sheet theory. Now suppose the world-sheet action is
invariant under global translation in X i-directions, i.e., X i → X i + λi. This happens when
the compact space is torus and the background fields are independent of X i-directions, i.e.,
QMN = QMN (X
µ) and φ = φ(Xµ). This symmetry may be gauged by changing the ordinary
derivatives in X i-directions to the covariant derivatives, i.e., ∂αX
i ⇒ DαX i = ∂αX i + Aiα,
and then the measure of path-integral may be constrained by the delta function ∆[1
2
ǫαβF iαβ ]
that imposes the gauge field strength to be zero, i.e., the gauge field is pure gauge on the
world-sheet with trivial topology. Introducing new fields X˜ i, one can write the delta function
in path-integral form as
∆[
1
2
ǫαβF iαβ] ∼
∫
DX˜ne
− 1
2
∫
d2zX˜iǫαβF i
αβ (84)
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The gauge symmetry then make Z to be infinite. To have finite Z, one may fix the symmetry
by fixing X i = 0 and dropping the volume of the gauge group. The path-integral then becomes
Z =
∫
DADA¯DX ′M e−
∫
d2z(Qµν∂zXµ∂z¯Xν+QijAiA¯j+(Qµi∂Xµ−∂X˜i)A¯i+(Qiν ∂¯Xν+∂¯X˜i)Ai+R(2)φ)
Integrating out the gauge fields, one would find dual theory in terms of dual coordinates X ′M =
(Xµ, X˜ i). Now using the following integral
∫ N∏
k=1
dZkdZ¯k e
−(Z¯kcklZl+akZk+bkZ¯k) ∼ 1
det(c)
eak(c
−1)klbl (85)
one can perform the path-integral classically over the gauge fields to find the following result:
Z =
∫
DX ′M e−
∫
d2z(Q′MN∂zX′M∂z¯X′N+R(2)φ′) (86)
where Q′MN is
Q′µν = Qµν −Qµi(Q−1)ijQjν
Q′µi = −Qµj(Q−1)ji
Q′iµ = (Q
−1)ijQjµ
Q′ij = Q
−1
ij (87)
The dilaton remains intact under the above classical calculations. Quantum mechanically,
however, the Jacobin that comes from integrating out the gauge fields, produces corrections
to the above transformations. At one loop-level, there is no correction to Q′MN , however, the
dilaton shifts as [81, 82]
φ′ = φ− 1
2
ln det(Qij) (88)
The transformations (87) and (88) are extension of the transformation (82) to the curved
spacetime with background fields. The path-integral approach can easily be extended to the
superstring theories, which results the same T-duality transformations (87) and (88). The
path-integral approach has been used in [86] to study the T-duality transformations for the
cases that the compact space has non-abelian isometries.
If the original theory (83) is conformal invariant, then the dual theory (86) with (87) and
(88) would be conformal invariant at one-loop level. One may impose the conformal invariance
at higher-loop levels to find derivative corrections to (87) and (88). On the other hand, the
conformal invariance of (83) requires vanishing of the world-sheet beta functions which would
produce the equations of motion in spacetime. In other worlds, the invariance of β = 0 under
T-duality transformations is equivalent to the invariance of the spacetime equations of motion
under T-duality. This invariance may in turn be implemented in the spcetime effective actions
24
that produce the equations of motion5. One may impose this constraint on the effective actions
not only to find the derivative corrections to the transformations (87) and (88), but also to find
constraints on the higher derivative terms of the effective actions.
The T-duality transformations of the non-perturbative objects Dp-branes/Op-planes depend
on whether they are along or orthogonal to the X i-directions along which the T-duality are
imposed. If a Dp-brane/Op-plane is along the X
i-directions, it transforms to Dp−n-brane/Op−n-
plane orthogonal to the X i-directions in the T-dual theory, and vice versa. For Dp-brane, the
T-duality changes the Newman boundary conditions along the X i-directions to the Dirichlet
boundary conditions in the T-dual theory which in turn changes the gauge fields along the
X i-directions to the transverse scalar fields in the T-dual theory, i.e.,
Ai → χi (89)
The T-duality relates the brane tensions as V (n)Tp = Tp−n where V (n) is the volume of torus
T n. Their world-volume effective actions should satisfy the corresponding duality. That is,
the T-duality of the effective action of a Dp-brane/Op-plane along the X
i-directions should be
equivalent to the world-volume effective action of Dp−n-brane/Op−n-plane orthogonal to the
X i-directions.
The effective action of Dp-brane at the leading order of α
′ in type II superstring theory is
given by the DBI and WZ actions. The DBI action, in the absence of the massless open string
fields, for Dp-brane along T
n and Dp−n-brane arthogonal to T n are
SDBIp = −Tp
∫
dp+1x e−φ
√
− det(Qab) ; SDBIp−n = −Tp−n
∫
dp−n+1x e−φ
√
− det(Qaˆbˆ) (90)
where a, b are the world volume indices of the Dp-brane, and aˆ, bˆ are the world volume indices
of the Dp−n-brane. Now if the fields in SDBIp are independent of the tours coordinates X
i, then
one uses dimensional reduction along the tours T n and then uses the T-duality, i.e.,
SDBIp = −Tp−n
∫
dp−n+1x e−φ
′
√
− det(Q′ab) (91)
Using the relations (87) and (88), one finds the above action is in fact the DBI action (90) for
Dp−n-brane.
The T-duality transformations on the RR fields in type II superstring theories have been
found in [87] by requiring the solutions of type IIA supergravity to be transformed under the
T-duality to the solutions of type IIB supergravity. These transformations may be rederived
by using the fact that the Dp-brane effective action should be transformed to the Dp−n-brane
effective action. The WZ action, in the absence of the massless open string fields, for Dp-brane
along T n and Dp−n-brane orthogonal to T nare
SWZp = −Tp
∫
Mp+1
eBC ; SWZp−n = −Tp−n
∫
Mp−n+1
eBC (92)
5It has been observed in [83, 84] that the renormalization group flows, i.e., the beta functions, at one-loop
level are also invariant under the Buscher rules, and at two-loop level are invariant under the Buscher rules plus
their corrections at order α′ which have been found in [85].
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where C =
∑8
n=0C
(n) and one should consider p+1-forms in SWZp and p− n+1-forms in SWZp−n.
Now if the fields in SWZp are independent of the tours coordinates X
i, then one uses dimensional
reduction along the tours T n and then uses the T-duality, i.e.,
SWZp = −Tp−n
∫
Mp−n+1
eB
′
C ′ (93)
Now if one uses the following transformation:
(eB
′
C ′)aˆ1aˆ2···aˆp−n+1i1i2···in = (e
BC)aˆ1aˆ2···aˆp−n+1 (94)
where i1, · · · , in are indices along the T n, then the action (93) would be the WZ action for
Dp−n-brane. If one considers a Dp−n brane orthogonal to the tours T n, then after T-duality the
WZ action transforms to the corresponding term in Dp-brane action along T
n provided that
(eB
′
C ′)aˆ1aˆ2···aˆp−n+1 = (e
BC)aˆ1aˆ2···aˆp−n+1i1i2···in (95)
One may use the T-duality transformation (87) for B-field on (94) and (95) to find the T-
duality transformation for the RR potentials. When there is only one killing direction y, the
transformation is [87]
C ′(n)µ···ναy = C
(n−1)
µ···να − (n− 1)
C
(n−1)
[µ···ν|yG|α]y
Gyy
(96)
C
′(n)
µ···ναβ = C
(n+1)
µ···ναβy + nC
(n−1)
[µ···ναBβ]y + n(n− 1)
C
(n−1)
[µ···ν|yB|α|yG|β]y
Gyy
Using the transformations (94) and (95), one may extend the T-duality transformation (96) to
the cases that there is more than one killing direction. The compatibility of the DBI action,
in the presence of the abelian massless open string fields, with T-duality have been observed in
[88]. The T-duality invariance of the WZ action, in the presence of nonabelian massless open
string fields, has been used in [88] to find the Myers term. They have been confirmed with
explicit S-matrix calculations in [71].
The Dp-brane/Op-plane effective actions at the leading order of α
′ are then manifestly invari-
ant under the T-duality transformations (87), (88), (89) and (96)6. There is also a manifestly
T-duality invariant action for type II supergravities which is in terms of C =
∑8
n=0C
(n) [89].
This indicates that not only the effective actions at the leading order of α′ are invariant under
the T-duality transformations, but also the presence of brane does not change the form of the
transformation rules. One expects the effective actions at the higher order of α′ to be also
invariant under the T-duality.
6In our convention, the transverse scalar fields of Dp-brane, χ
i, have the same dimension as Xµ. The
T-duality transformation (89) then indicates that in our convention the gauge field, Aa, has also the same
dimension. As a result, the DBI action in the presence of gauge field is at order α′0.
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The transformation rules (87), (88), (89) and (96), however, may receive higher derivative
corrections. Suppose the T-duality operator has an α′ expansion
T =
∞∑
n=0
(α′)nT (n) , (97)
where T (0) is given by (87), (88), (89) and (96). The invariance of the effective actions (42)
under the T-duality transformation, i.e.,
Seff
T−→ Seff (98)
then means the action at the leading order of α′ to be invariant under the leading term of the
T -operator, i.e.,
S0
T (0)−→ S0 . (99)
At order α′, the action has two terms, i.e., S = S0 + α′S1. The invariance then means
S1
T (0)−→ S1 + δS ,
S0
T (1)−→ −δS . (100)
At order (α′)2, the action has three terms, i.e., S = S0+α′S1+(α′)2S2 and again the invariance
means that
S2
T (0)−→ S2 + δS1 + δS2 ,
S1
T (1)−→ −δS1 ,
S0
T (2)−→ −δS2 . (101)
Similarly for the action at higher orders of α′.
By studying the effective actions of the bosonic and heterotic string theories at order α′,
it has been shown in [90] that the transformations (87), (88) do receive higher derivative
corrections at order α′, i.e., T (1) 6= 0. It has been observed in [91] that the same T-duality
transformations are required to show that the Dp-brane action at order α
′ in the bosonic theory
is invariant under T-duality. We will review this calculation in section 6.
In above approach, it has been assumed the effective action (42) to be invariant under the
general coordinate and the B-field gauge transformations. The invariance under the T-duality
then requires the T-duality transformations to receive α′-corrections. One may release the
general covariance and the invariance under the B-field gauge transformation in the effective
action (42), but requires it to be invariant under T (0)-transformations, i.e.,
Seff
T (0)−→ Seff (102)
The above constraint has been used in [92] to find non-covariant corrections at order α′ to the
Dp-brane effective action in the bosonic string theory. We will review this calculation in section
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6. A systematic approach for constructing the non-covariant effective actions, however, is the
Double Field Theory (DFT) [93, 94] in which the generalized metric Gij (76) is used and the
actions are required to be explicitly invariant under O(D,D,R) transformations where D is the
dimension of spacetime. The modification of this theory to Double α′-geometry in which the
generalized Lie derivative receives α′-corrections, requires and determines the higher derivative
couplings [95, 96].
Another non-covariant approach for constructing the α′-corrections in manifestly O(n, n, R)
invariant form is to reduce the theory on T n and observe that the scalar fields, i.e., the scalar
fields that appear in the generalized metric Gij, satisfy the relation (78) and Gij is symmetric
matrix [97]. This metric has an α′-expansion, i.e.,
G = G0 + α′G1 + α′2G2 + · · · (103)
where G0 is the one in (76), G1 constructed from the second partial derivatives of scalars
(Gij, Bij), G2 constructed from the forth partial derivatives of the scalars (Gij, Bij) and so on.
Constraining G to be symmetric and satisfy (78), one may find G1, G2, · · ·. This constraint
on the scalar fields may fix the form of unreduced action [97]. We are not interested in this
approach and in the DFT approach in this review article.
We are interested in the simple case that the theory is compactified on a circle with the
killing coordinate y and radius ρ. In this case, the Buscher rules (87) and (88) become
e2φ
′
=
e2φ
Gyy
; G′yy =
1
Gyy
G′µy =
Bµy
Gyy
; G′µν = Gµν −
GµyGνy −BµyBνy
Gyy
B′µy =
Gµy
Gyy
; B′µν = Bµν −
BµyGνy −GµyBνy
Gyy
(104)
where µ, ν denote any direction other than y. In above transformation the metric is in the
string frame. One may be interested in studying the S-matrix elements under the above T-
duality transformations. In the S-matrix elements, the vertex operators correspond to small
perturbations of fields around the flat background. Assuming that the massless fields are small
perturbations around the background, i.e.,
Gµν = ηµν + hµν ; Gyy =
ρ2
α′
(1 + hyy) ; φ = φ0 + Φ (105)
then the nonlinear transformations (104) and (96) take the following linear form for the per-
turbations:
Φ′ = Φ− 1
2
hyy, h
′
yy = −hyy, h′µy = Bµy/ηyy, B′µy = hµy/ηyy, h′µν = hµν , B′µν = Bµν
C ′(n)µ···νy = C
(n−1)
µ···ν , C
′(n)
µ···ν = C
(n+1)
µ···νy (106)
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where ηyy = ρ
2/α′. The above linear transformations are used in section 4 for studying T-
duality Ward identity. One may also use them, in some cases, to study the invariance of a
subset of the couplings in the effective actions at a given order of α′ under linear T-duality.
To study the invariance of the full effective action under T-duality, however, one must use
the nonlinear transformations (104) and (96). In that case, it is convenient to use the following
dimensional reduction on the 10-dimensional metric and Kalb-Ramond field:
GMN =
(
gµν + e
ϕgµgν e
ϕgµ
eϕgν e
ϕ
)
, BMN =
(
bµν +
1
2
bµgν − 12bνgµ bµ−bν 0
)
(107)
where gµν , bµν are the metric and the B-field, and gµ, bµ are two vectors in the 9-dimensional
base space. Inverse of the 10-dimensional metric is
GMN =
(
gµν −gµ
−gν e−ϕ + gαgα
)
(108)
where gµν is inverse of the 9-diemsional metric which raises the index of the vectors. In this
parametrization, the 9-dimensional dilaton is φ¯ = φ − ϕ/4. The T-duality transformations
(104) in this parametrization simplify to the following linear transformations:
ϕ′ = −ϕ , g′µ = bµ , b′µ = gµ (109)
The 9-dimensional base space fields gαβ, bαβ and φ¯ remain invariant under the T-duality. The
T-duality of the RR fields (96) become
C ′(n)µ···ναy = C
(n−1)
µ···να − (n− 1)C(n−1)[µ···ν|ygα] (110)
C
′(n)
µ···ναβ = C
(n+1)
µ···ναβy + nC
(n−1)
[µ···ναbβ] + n(n− 1)C(n−1)[µ···ν|ybαgβ]
which remains nonlinear.
In the covariant approach, the transformations (109) and (110) in general receive α′ correc-
tions. However, as we have seen in the previous section, the higher derivative corrections to the
type II supergravities starts at order α′3. That means the α′ corrections to the above T-duality
transformations in type II superstring theory starts at order α′3. On the other hand, the first
corrections to the Dp-brane/Op-plane effective action starts at order α
′2. So one can use the
T-duality transformation (109) and (110) to study the brane actions at order α′2. We expect
the compatibility of the brane couplings in (57), (64) and (65) with the above T-duality trans-
formations and S-duality transformations that we are going to review in the next subsection,
enables one to finds all couplings at order α′2.
3.2 S-duality
The careful studies of the 10-dimensional supergravities which are the low-energy effective ac-
tions of the superstring theories, and the 11-dimensional supergravity which is the low energy
effective action of M-theory, reveals that there is a Z2 transformation that relates type I super-
gravity at couplings gs to the HSO(32)-supergravity at coupling g
−1
s , the type IIA at couplings gs
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to the dimensional reduction of the 11-dimensional supergravity on a circle with radius gs, the
HE8×E8-supergravity at couplings gs, to the dimensional reduction of the 11-dimensional super-
gravity on a line with length gs, and the type IIB at couplings gs to the type IIB at couplings
g−1s . The last transformation is in fact promoted to the SL(2, R) transformation. The Z2 sym-
metries are expected to be the symmetries of the corresponding superstring theories/M-theory,
and the SL(2, Z) subgroup of SL(2, R), is expected to be the symmetry of type IIB superstring
theory. Since the weak coupling constant transforms to the strong coupling constant in these
duality transformations, they are called S-duality. We are interested only in the S-duality of
the type IIB superstring theory. See e.g., [6] for a review article on the S-duality.
Under the SL(2, R) transformations, the graviton in the Einstein frame, i.e.,GEµν = e
−φ/2Gµν
and the RR four-form are invariant. The B-field and the RR two-form transform as doublets
[98, 99, 100]:
B ≡
(
B
C(2)
)
→ (Λ−1)T
(
B
C(2)
)
(111)
where the matrix Λ =
(
d c
b a
)
∈ SL(2, R). The transformation of the dilaton and the RR
scalar C appears in the transformation of the SL(2, R) matrix M
M = eφ
( |τ |2 C
C 1
)
(112)
where τ = C + ie−φ. This matrix transforms as [98]
M→ ΛMΛT (113)
For the special case that C = 0, and for the particular SL(2, R) matrix N =
(
0 1
−1 0
)
, one
finds the weak-strong transformation e−φ → eφ.
The manifestly SL(2, R)-invariant form of the type IIB supergravity (1) is
SIIB ⊃ 1
2κ2
∫
d10x
√−G
[
R +
1
4
Tr(∇µM∇µM−1)− 1
12
HTµνρMHµνρ −
1
4
|F(5)|2
]
− 1
8κ2
∫
C(4)HTNH (114)
where H = dB and the five-form field strength is F(5) = dC(4) + 12BTNH. A similar expression
is expected for corrections at all higher order of α′.
One may expect the α′-corrections to involve only M, H, F (5), C(4) and metric which
transform as tensors under the SL(2, R). However, unlike the two derivative action, the higher
derivative actions have both genus and non-perturbative contributions as well. So the action
should involve some SL(2, Z) tensors representing these contributions. Such tensor for α′3-
corrections in which we are interested, have been found in [24]. Consider the gravity couplings
in (47). In the Einstein frame and for constant dilaton, they are
SII ⊃ γζ(3)
3.27κ2
∫
d10xe−3φ/2
√−G(t8t8R4 + 1
4
ǫ8ǫ8R
4) (115)
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The dilaton factor indicates that the above action is not invariant under the SL(2, R) transfor-
mation so there are some missing terms. This is consistent with the fact that the above action
does not include the genus and the non-perturbative contributions. The SL(2, Z) invariant
form of the action (115) has been conjectured in [24] to be
SIIB ⊃ γ
3.28
∫
d10xE(3/2)(τ, τ¯)
√−G(t8t8R4 + 1
4
ǫ8ǫ8R
4) (116)
where E(3/2)(τ, τ¯) is the SL(2, Z) invariant non-holomorphic Eisenstein series. For general s,
the SL(2, Z) invariant function E(s)(τ, τ¯) is defined as
E(s)(τ, τ¯) =
∑
(n,m)6=(0,0)
τ s2
|m+ nτ |2s (117)
where τ1 + iτ2 = τ . It satisfies the following eigenvalue equation:
τ 22 ∂τ∂τ¯E(s) = s(s− 1)E(s) (118)
which has two solutions e−sφ and e−(1−s)φ corresponding to two particular orders of perturbation
theory, and infinite number of non-perturbative solutions. E(3/2)(τ, τ¯ ) has the following weak-
expansion [24]:
E(3/2)(τ, τ¯)= 2ζ(3)τ
3/2
2 + 4ζ(2)τ
−1/2
2 + 8πτ
1/2
2
∑
m6=0,n≥1
∣∣∣∣mn
∣∣∣∣K1(2π|mn|τ2)e2πimnτ1 (119)
where K1 is the Bessel function. The above expansion shows that there are no perturbative
corrections beyond the tree level and one-loop level, but there are an infinite number of D-
instanton corrections. By explicit calculation, it has been shown in [101] that there is no
two-loop correction to the action (116). The modular invariant function E(3/2) should appear
for all NSNS and RR couplings at order α′3. Apart from this overall factor, all couplings should
be combined appropriately to be written in SL(2, R) invariant form as in type IIB supergravity
(114).
Since the RR four-form is invariant under the SL(2, R) transformations, the effective action
of O3-plane should be invariant under the S-duality. The effective action at the leading order
of α′ in the Einstein frame is
SO3 ⊃ −T ′3
∫
d4x
√
− det(G˜ab)− T ′3
∫
C˜4 (120)
where the tilde-sign means pull-back operator, e.g., G˜ab = ∂aX
µ∂bX
νGµν . In the static gauge,
i.e., Xa = σa, X i = 0, one finds G˜ab = Gab and C˜abcd = Cabcd. This action is obviously invariant
under the S-duality.
There is similar symmetry for D3-brane action at the leading order. However, the D-brane
effective action contains the gauge field Aa and the transverse scalar fields χ
i in the static gauge,
i.e., Xa = σa, X i = χi. The gauge symmetry requires also the gauge field strength and the
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Kalb-Ramond potential appear in the effective action as B˜ +F . The transverse scalars appear
in the action through the pull-back operator and through the dependence of the closed string
fields on the transverse coordinates [102]. The action at the leading order of α′ is
SD3 ⊃ −T3
∫
d4x
√
− det(G˜ab + B˜ab + Fab)− T3
∫
[C˜4 + (B˜ + F )C˜2 +
1
2
(B˜ + F )2C0] (121)
The transverse scalar fields are invariant under the S-duality, and the gauge field transforms as
[98]
F =
( ∗F
GF
)
→ (Λ−1)T
( ∗F
GF
)
(122)
where the antisymmetric tensor (GF )ab is defined in terms of the Lagrangian as
(GF )ab = − 2
T3
∂L
∂F ab
(123)
Obviously, because of the presence of B-field in the DBI part, the action (121) is not invariant
under the S-duality. However, the equations of motion are invariant under the S-duality [98,
100]7. If one ignores the couplings which include B˜ + F , then the action (121) is invariant
under the S-duality. One expects the higher derivative couplings in the O3-plane theory and
the higher derivative couplings in the D3-brane theory, except the couplings involving B˜ + F
to be invariant under the S-duality. The higher derivative couplings involving B˜ + F , on the
other hand, are expected to be invariant at the equations of motion level.
The S-duality requires, among other things, that the tree-level couplings to be extended
to include the higher genus couplings. Using the KLT relations, and the fact that the eight-
derivative couplings in the bulk action (116) include E(3/2) which has only one-loop corrections,
one expects the world-volume four derivative couplings to have also corrections only at one-loop
level. In other word, the world-volume action should include the Eisenstein series E(1) which
has only tree and one-loop contributions at the weak-coupling expansion. For s = 1, however,
the series (119) diverges logarithmically. The regularized function which is proportional to the
modular invariant function log(τ2|η(τ)|4), has the following weak-expansion [25, 104]:
E(1)(τ, τ¯) = ζ(2)τ2 − π
2
ln(τ2) + π
√
τ2
∑
m6=0,n 6=0
∣∣∣∣mn
∣∣∣∣1/2K1/2(2π|mn|τ2)e2πimnτ1 (124)
The first term is tree-level contribution and the second terms is one-loop contribution. The
modular invariant function E(1) should appear for almost all NS, NSNS and RR couplings at
order α′2. Apart from this overall factor, the couplings should be combined appropriately to
be written in SL(2, R) invariant form.
7One may consider the string excitation of the D3-brane to be a (p, q)-string. In that case, one considers
two gauge fields that transform as doublet under the SL(2, R) transformation. Then one can write SL(2, R)-
covariant action which includes both gauge fields [103]. We are, however, interested in the case that only
F1-string propagates one the world-volume of D-branes.
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The Eisenstein series E(1), however, should not appear for the world-volume couplings at
order α′2 which have been found from the anomaly cancellation mechanism because they have
no genus contribution at all. These couplings should involve a modular function which has only
one perturbative contribution and infinite number of D-instanton contributions. The curvature
squared corrections to the WZ action (5) which have been found from the anomaly cancellation
mechanism, has one RR scalar field C which is not invariant under the global SL(2, Z). This
term has been extended to the anomalous modular function log(η(τ)/η¯(τ¯)) in [25, 105] which
produces C and infinite number of D-instanton contributions at the weak expansion. The τ -
dependent anomalous transformation for the case of D3-brane in trivial normal bundle, cancels
the τ -dependent anomalous transformation of the Jacobean of the massless modes of the D3-
brane, and a τ -independent modular anomaly remains [25].
Apart from the anomalous couplings (5), all other world-volume couplings at order α′2 should
have the overall factor of e−φ in the Einstein frame which must be extended to E(1). Even the
couplings that are related to (5) by the T-duality transformation have the overall factor of e−φ
[32]. That means the couplings which are related by the T-duality to the anomalous couplings
are not anomalous. So such couplings can not be found by the anomaly cancellation mechanism.
We expect the consistency of the bulk couplings (47) and the brane couplings (5), (57)
with the duality transformations enable one to find all spacetime couplings at order α′3 and all
the world-volume couplings at order α′2. The duality transformations can also appear in the
S-matrix elements as the duality Ward identities which may be used to generate the S-matrix
elements. In the next section we review the duality Ward identities.
4 Duality Ward identities as generating functions
All S-matrix elements of any gauge theory satisfy Ward identity which is invariance of the
S-matrix elements under linear gauge transformations on the quantum fluctuations and the full
nonlinear transformations on the background fields. Similar Ward identities exist for almost
all S-matrix elements under the global duality transformations. The S-matrix elements cor-
responding to the anomalous couplings, however, do not satisfy the duality Ward identities.
Since the duality transformations are global, the momenta in the S-matrix elements are invari-
ant under the duality transformations. The background fields in the S-matrix element should
transform according to the duality transformations in the previous sections, and the polariza-
tion tensors should transform according to the linearized form of the duality transformations,
e.g., (106). The linear dualities may transform one field to some other fields, as a result, they
may transform one S-matrix element to some other S-matrix elements. This means the duality
Ward identities may generate some S-matrix element from a given S-matrix element.
To clarify it, suppose, using the prescription (18), one calculates an S-matrix element at
tree-level in the flat spacetime with constant dilaton background φ0 and finds the following
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result8:
Atree ∼ K1(ζi, pi)f1(s, t, u, · · ·) +K2(ζi, pi)f2(s, t, u, · · ·) + · · · (125)
where K1, K2, · · · are some kinematic factors, and f1, f2, · · · are some functions of the Mandel-
stam variables that represent the poles of the amplitude. The flat metric in the Mandelstam
variables and in the kinematic factors is the string frame metric.
If one is going to study this amplitude under the S-duality Ward identity, the amplitude
should be written in the Einstein frame, i.e.,
Atree ∼ K1(ζi, pi, φ0)f1(s, t, u, · · · , φ0) +K2(ζi, pi, φ0)f2(s, t, u, · · · , φ0) + · · · (126)
where φ0 results from transforming the metric to e
φ0/2ηµν . To extend the amplitude to satisfy
the S-duality Ward identity, one should first include the constant background RR scalar C0
into the amplitude because the background dilaton trsnsforms to C0 under the S-duality. This
constant field should be added to the factors f1, f2, · · · in such a way to make them invariant
under the SL(2, Z) transformations. The constant field C0 and some other supergraviton fields
should be also added to the kinematic factors to make them invariant under the linear SL(2, R)
transformations, i.e.,
As ∼ Ks1(ζi, εi, pi, φ0, C0)f s1 (s, t, u, · · · , φ0, C0) +Ks2(ζi, εi, pi, φ0, C0)f s2 (s, t, u, · · · , φ0, C0) + · · ·
where εi are the polarization tensor of the other supergraviton fields. The new amplitude A
s
is assumed to satisfy the S-duality Ward identity, e.g., it contains the appropriate loop-level
amplitudes and non-perturbative effects. Now one may set C0 in f1, f2, · · · to zero to find
tree-level amplitude, i.e.,
Astree ∼ Ks1(ζi, εi, pi, φ0, C0)f1(s, t, u, · · · , φ0) +Ks2(ζi, εi, pi, φ0, C0)f2(s, t, u, · · · , φ0) + · · ·
The above amplitude is now the sum of the amplitude (126) and some other tree-level ampli-
tudes in the Einstein frame which the S-duality Ward identity generates them.
As an example, consider the disk-level S-matrix element of one dilaton, one Kalb-Ramond
and one gauge boson vertex operators on the world-volume of Dp-brane. The result for D3-brane
in the Einstein frame is [76]
Atree ∼ T3φ1e−φ0F abHµbafµ (127)
8 We have normalized the vertex operators in the amplitude (18) with the factor of gs for each closed string
vertex operator, and with
√
gs for each open string vertex operator. However, if one is going to correspond the
vertex operators to the supergraviton fields, e.g., B,C(2), then the normalization factors make inconsistency
because gs is not invariant under the duality transformations. So in order to study the amplitude (18) under the
duality, one should either assume the gs corresponding to the vertex operators is inert, or one should normalize
the vertex operators without gs and
√
gs factors, i.e., drop these factors from the amplitude (18). We will use
this latter assumption.
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where φ1 is polarization of dilaton, H is the field strength of the polarization of the Kalb-
Ramond field and F is the field strength of the polarization of the gauge boson. In the above
amplitude fµ is
fµ = e−φ0/2
(
I11
[
p1.D.p1
p1.p2
p1.V
µ +
p1.k3 p1.D.p1
(p1.p2)2
pµ1
]
−I2
[
4p1.V
µ +
p2.D.p2
p1.p2
(2pµ1 − p1.Nµ) +
p1.k3 p2.D.p2
(p1.p2)2
pµ1
])
where I2, I11 are the functions of the Mandelstam variables representing the poles of the ampli-
tude [76]. The function fµ at the leading order of α′ which corresponds to the supergravity and
the D-brane action at the leading order of α′, has no dilaton factor [76]. The SL(2, R)-extension
of the amplitude (127) is
Astree ∼ T3(∗Fl)TabδM1Hµbafµ (128)
where Fl is the linearized form of F in (122), i.e., G = eφ0F − C0(∗F ), H = dB and δM1 is
the variation of M around the background constant fields φ0, C0, i.e.,
δM1 =
(−(e−φ0 − C20eφ0)φ1 + 2C0eφ0C1 C0eφ0φ1 + eφ0C1
C0e
φ0φ1 + e
φ0C1 e
φ0φ1
)
(129)
where C1 is polarization of the RR scalar field. It transforms under the SL(2, R) the same
as matrix M transforms in (113). The SL(2, R) invariant expression (∗Fl)T δM1H has the
following six components [76]9:
(∗F)T δM1H = e−φ0φ1FH + φ1(∗F )F (3) + C0φ1(∗F )H
+C1(∗F )H − eφ0C0C1FH − eφ0C1FF (3) (130)
where F (3) is the field strength of the polarization of the RR two-form. Therefore, the amplitude
(128) represents six different S-matrix elements at the disk-level. It has been shown in [76]
that the explicit calculation confirms the amplitudes involving φ1(∗F )F (3) and C1(∗F )H . The
amplitude involving eφ0C1FF
(3) is also consistent with explicit calculation [106]. The SL(2, R)-
extension of the disk-level S-matrix element of one graviton, one B-field and one gauge boson on
the world-volume of D3-brane has been studied in [76], and the SL(2, R)-form of one closed and
three non-abelian open strings has been studied in [107, 108]. One may also use the S-duality
Ward identity to find the S-matrix elements on the world-volume of NS5-brane and F1-string
[108] in type IIB theory.
The anomalous coupling (5) on the world-volume of D3-brane is not invariant under the
S-duality even in the presence of background field C0. As a result, the S-matrix element of
one RR scalar and two graviton vertex operators does not satisfy the S-duality Ward identity.
9There is a type in the exponential factors in the last two terms in eq.(30) in [76]. The dilaton factor must
be eφ0 .
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In the bulk, however, there is no anomalous coupling. So all S-matrix elements should have
SL(2, R)-extension. For example, the SL(2, R)-extension of the sphere-level S-matrix element
of two gravitons and two Kalb-Ramond vertex operators at eight-momentum level in spacetime
(47) can be written as
Astree ∼ e−3φ0/2t8t8RR(DH)TM0DH (131)
where DHabcd = Hab[c,d]. This contains four different amplitudes, i.e.,
DHTM0DH = e−φ0(1 + e2φ0C20)DHDH + eφ0DFDF − eφ0C0(DHDF +DFDH) (132)
The S-matrix element of two gravitons and two RR two-forms in (131) is confirmed by explicit
calculation [54].
If one is going to study an amplitude under the T-duality Ward identity, one should consider
the amplitude in the string frame (125). The factors f1, f2, · · · are invariant under the T-duality
because there is no dilaton in them in the string frame. Assuming the killing direction is y, one
should first use dimensional reduction which separates the indices of the polarization tensors
in the kinematic factors to y and µ 6= y, i.e.,
Atree ∼ K1(ζµi , ζyi , pµi )f1(s, t, u, · · ·) +K2(ζµi , ζyi , pµi ))f2(s, t, u, · · ·) + · · ·
Then one should transform them under the linear T-duality transformations (106), i.e.,
Attree ∼ K1(ζ
′µ
i , ζ
′y
i , p
µ
i )f1(s, t, u, · · ·) +K2(ζ ′µi , ζ ′yi , pµi ))f2(s, t, u, · · ·) + · · ·
This generates the dimensional reduction of a new amplitude for the T-dual fields. In this
case, unlike the S-duality Ward identity, the reduced amplitude does not fully fix the form of
the amplitude because there may be couplings which vanishes after the dimensional reduction.
However, imposing other constraints as well like the gauge symmetry Ward identity or S-duality
Ward identity may fix the form of the new amplitude.
Consider, for example, the S-matrix element of two gravitons and two RR two-form vertex
operators in spacetime coordinates at order α′3 in the string frame,
Atree ∼ t8t8RRDF (3)DF (3)
∼ 1
16
F 2rs[p,q]R
2
hkmn +
1
4
Frs[m,n]Frs[p,q]RhkmnRhkpq
+Fhs[p,q]Frs[p,q]RhkmnRkrmn − 2Fhs[q,m]Frs[p,q]RhkmnRkrnp − 2Fhs[p,q]Frs[q,m]RhkmnRkrnp
+Fhs[p,q]Frs[m,n]RhkmnRkrpq + Fkr[m,n]Frs[p,q]RhkmnRhspq +
1
2
Fkr[p,q]Fhs[p,q]RhkmnRrsmn
+
1
8
Fhk[m,n]Frs[p,q]RhkpqRrsmn + 4Fkr[n,p]Fhs[p,q]RhkmnRrsmq + Fkr[m,n]Fhs[p,q]RhkmnRrspq
−Fkr[n,p]Fhs[q,m]RhkmnRrspq (133)
Then use the dimensional reduction and consider the terms that the y-index appears in the RR
fields. Under linear T-duality (106) the y-index drops. So it produces the amplitude of two
36
gravitons and two RR one-forms at order α′3, i.e.,
Attree ∼
1
4
F 2pq,rR
2
hkmn +
1
2
Fmn,sFpq,sRhkmnRhkpq + Fpq,hFpq,rRhkmnRmnkr
+2Fhs,qFrs,qRhkmnRmnkr + Fkr,qFhs,qRhkmnRmnrs + 2Fmq,rFpq,hRhkmnRnpkr
+2Fmq,hFpq,rRhkmnRnpkr + 2Fhs,pFrs,mRhkmnRnpkr + 2Fhs,mFrs,pRhkmnRnpkr
−4Fkr,nFhs,qRhkmnRmqrs + Fmn,rFpq,hRhkmnRpqkr − Fmn,kFpq,sRhkmnRpqhs (134)
They are reproduced by explicit S-matrix calculation [54]. Similarly one can find the S-matrix
element of two gravitons and two arbitrary RR potentials [34] . Using T-duality and S-duality
Ward identities, all four-point S-matrix elements of NSNS and RR vertex operators have been
found and confirmed by explicit calculations [34, 54, 55].
The disk-level S-matrix element of two closed string vertex operators at four-momentum
level in spacetime are given by the couplings (57), (64) and (65). It has been shown in [29, 63, 32]
that these couplings satisfy the duality Ward identities, i.e., the couplings of two RR two-form
and the couplings of two Kalb-Ramond can be written as [32]
Astree ∼
1
6
HTijk,aMHijk,a +
1
3
HTabc,iMHabc,i −
1
2
HTbci,aMHbci,a (135)
which satisfies the S-duality Ward identity. The S-matrix element of one RR (p − 3)-form ,
one NSNS and one NS vertex operators on the world volume of Dp-brane has been calculated
in [67, 76]. The T-duality Ward identity on this amplitude has been used in [109] to generate
the S-matrix elements for the RR (p − 1)-form, (p + 1)-form and RR (p + 3)-form. These
S-matrix elements are confirmed by explicit calculations in [77]. The S-matrix element of one
RR (p−3)-form and two NSNS vertex operators has been calculated in [67, 66]. The T-duality
Ward identity on this amplitude has been used in [109] to generate the S-matrix elements for
arbitrary RR form. They should be consistent with the corresponding S-matrix elements from
explicit calculations [69].
Having found the S-matrix elements either explicitly or by using the duality Ward identities
which is complicated for higher n-point functions, one may then study them at low energy to
find the massless poles and the contact terms. They should be reproduced by effective actions.
The massless poles of the disk-level S-matrix element of two closed strings and the massless
poles of the sphere-level S-matrix element of four closed strings at low energy are at the leading
order of α′ and the contact terms of these amplitudes are the higher order of α′. This makes
it easy to find the contact terms at order α′2 in the disk-level and the contact terms at order
α′3 in the sphere-level. In general, however, there are massless poles and contact terms at
the same order of α′ so one has to carefully reproduce the massless poles by the effective field
theory before interpreting the contact terms as new couplings of the effective theory because
the difference between the massless poles of S-matrix element and the massless poles of the
field theory may be some contact terms. This makes it difficult to extract new couplings at
a given order of α′ from the contact terms of the corresponding S-matrix elements. So one
may impose the T-duality and S-duality constraints directly on the effective actions. In this
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case, however, one has to use the full nonlinear duality transformations, e.g., (104) or (113),
on the fields in the effective action. In the next section, we use the T-duality constraint on
the effective action of Op-plane to find all NSNS couplings at order α
′2 including the couplings
with structure H4 [36, 37]. These couplings should be reproduced by the PR2-level S-matrix
element of four B-field vertex operators which is a very hard calculation.
5 T-duality constraint on O-plane action at order α′2
We have seen that the T-duality transformations in type II superstring theories receive no
α′-correction at order α′2 for the massless NSNS and RR fields. So one should be able to
find a world-volume covariant action for these fields at order α′2 which is consistent with the
standard T-duality transformations (104) and (96). This may not be the case if one includes
the massless NS fields at this order because the transformation (89) may receive α′-corrections.
To simplify the calculations, we consider only the world-volume NSNS couplings. On the other
hand, the B-field appear in the world-volume theory either as field strength H or as potential
in the combination F + B˜. The latter form, however, is not α′-dependent. So any order of this
field may appear in the world-volume action at order α′2. We expect the T-duality constraint
would fix the presence of these terms. To simplify further, we consider the NSNS couplings on
the world volume of Op-plane which has no (F + B˜)-term at all.
We have seen in section 2.4 that two NSNS couplings at order α′2 on the world-volume of Op-
plane are given by the couplings (57) in which the second fundamental form is zero. At this order
there are also couplings with structure RH2, R(∇φ)2, ∇2φ(∇φ)2, (∇φ)4, H2(∇φ)2, H2∇2φ and
H4. There are two metrics for contracting the spacetime indices of these bulk tensors. One
is the first fundamental form, i.e., G˜µν = ∂aX
µ∂bX
νG˜ab which projects bulk indices to the
world-volume. The second one is ⊥µν = Gµν − G˜µν which projects the bulk indices to the
transverse space. One can contract the bulk indices with (G˜µν ,⊥µν), with (Gµν ,⊥µν) or with
(Gµν , G˜µν). We use the last pair for contracting the indices. Using the package “x-Act“[110],
one can write all such contractions with unknown coefficients. We assume the coefficients for
the NSNS couplings to be independent of the dimension of Op-plane, as the couplings in (57).
The Op-plane couplings should be invariant under the Z2 transformations σ → −σ and
X i → −X i. This projects out ∇ · · ·∇B with even number of world-volumes indices, ∇ · · ·∇φ
and ∇ · · ·∇R with odd number of world-volumes indices. So after writing all the contractions,
one should separate the spacetime indices to world volume and transverse indices. Then the
coefficients should be constraint such that in the couplings there would be none of the above
terms.
To find the T-duality constraint on the coefficients, one needs the reduction of the couplings.
The dimensional reduction of Gµν in the parametrization (107) is given in (108). The dimen-
sional reduction of G˜µν , however, depends on weather the Op-plane is along or orthogonal to the
circle. When Op-plane is along the circle, one finds in the static gauge where X
a = σa, X i = 0,
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the pull-back of metric and the first fundamental form become [37]
G˜ab =
(
ga˜b˜ + e
ϕga˜gb˜ e
ϕga˜
eϕgb˜ e
ϕ
)
; G˜µν =
(
ga˜b˜ −ga˜
−gb˜ e−ϕ + ga˜ga˜
)
(136)
where a˜, b˜ are the world-volumes indices which do not include the world-volume direction y.
When Op−1-plane is orthogonal to the circle, one finds that the reduction of the pull-back of
metric and the first fundamental form are [37]
G˜ab =
(
ga˜b˜ 0
0 0
)
; G˜µν =
(
ga˜b˜ 0
0 0
)
(137)
Using the above reductions, one observes that the reduction of Op-plane action at order α
′0
when it is along the circle is∫
dp+1xe−φ
√
−G˜ab →
∫
dpxe−φ+ϕ/2
√
− det ga˜b˜ (138)
On the other hand, the reduction of Op−1-plane action at order α′0 when it is orthogonal to the
circle is ∫
dp+1xe−φ
√
−G˜ab →
∫
dpxe−φ
√
− det ga˜b˜ (139)
Obviously the transformation of (138) under the T-duality rule (109) is identical to (139). The
same thing should happen for all α′2 couplings. That is, the T-duality of the reduction of the
world-volume action of Op-plane when it is along the circle which we call it S
wT , should be
equal to the reduction of the world-volume action of Op−1-plane when it is orthogonal to the
circle which we call it St. Therefore, the T-duality constraint is∫
dpxe−φ
√
− det ga˜b˜(LwT − Lt) = 0 (140)
In imposing the above constraint, one should drop the terms that are total derivatives and then
set the coefficients of independent terms to be zero. This together with the Z2 projection fix
the unknown coefficients to be [36, 37]
SDBIp ⊃
π2α′2T ′p
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∫
dp+1xe−φ
√
−G˜
[
HabiHa
c
iRbc − 3
2
HabiHab
jRij + 1
2
H ijkHij
lRkl
−HabiHcdiRabcd +HabiHijkRabjk − 1
4
HabiHab
jHi
klHjkl +
1
4
HabiHab
jHcdiHcdj
+
1
8
HabiHa
cjHb
d
jHcdi − 1
6
HabiHa
cjHbc
kHijk +
1
24
H ijkHi
lmHjl
nHkmn
]
(141)
where R is the same as R¯ in (59) in which the second fundamental form is zero. These couplings
together with the couplings in (57) give all NSNS couplings on the world-volume of Op-plane
at order α′2. Since these couplings are invariant under the standard Buscher rules (87), using
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the generalized metric G in (76), one may be able to rewrite them in manifestly O(D,D,R)
invariant form as in the DFT formalism.
We have found the above couplings which have no RR field, by requiring the couplings
(57) to be consistent with full T-duality transformations. One may use the consistency of
the couplings (64) with the T-duality transformations to find all couplings at order α′2 which
include one RR field. These couplings may also include the standard WZ term at order α′2,
i.e., (5). Similarly one may use the consistency of the couplings (65) with the T-duality to find
all couplings at order α′2 which include two RR fields. Some of these couplings may be related
to (141) by the SL(2, R) transformation. The S-duality transformation of (141) produces also
couplings which have four RR two-forms. The subsequent T-duality transformations may fix
all RR couplings at order α′2.
6 T-duality constraint on D-brane action at order α′
The effective action of D-brane in bosonic string theory includes various world volume couplings
of open string tachyon, transverse scalar fields, gauge field, closed string tachyon, graviton,
dilaton and B-field. Duo to the presence of the tachyons, the bosonic string theory and its
D-branes are all unstable. Assuming the tachyons are freezes at the top of their potentials,
i.e., the tachyon fields are zero, the effective action of the Dp-brane at the leading order of α
′ is
given by the DBI action which is invariant under the T-duality transformation (104) and (89).
The first higher derivative correction to this action in the bosonic string theory is at order α′.
As a result, the first higher derivative corrections to the T-duality transformations (109) and
(89) are at order α′. Such corrections for the closed string fields (109) have been found in [90].
They are
ϕ
T−→ −ϕ− α′λ0
[
2(∇ϕ)2 + eϕVµνV µν + e−ϕWµνW µν
]
,
gµ
T−→ bµ − α′λ0
[
2Wµν∇νϕ+ eϕHµνλV νλ
]
,
bµ
T−→ gµ − α′λ0
[
2Vµν∇νϕ− e−ϕHµνλW νλ
]
,
Hµνλ
T−→ Hµνλ − 12α′λ0
[
∇[µ(WνρVλ]ρ) + 1
2
V[µνWλ]ρ∇2ϕ+ 1
2
W[µνVλ]ρ∇2ϕ ,
+
1
4
eϕV ρχV[µνHλ]ρχ − 1
4
e−ϕW ρχW[µνHλ]ρχ
]
. (142)
and the metric gµν and φ¯ remain invariant. In above transformations, H is the field strength
of the two form bµν , i.e., Hµνλ = ∂µbνλ + ∂λbµν + ∂νbλµ, Vµν is the field strength of gµ, i.e.,
Vµν = ∂µgν − ∂νgµ and Wµν is the field strength of bµ, i.e., Wµν = ∂µbν − ∂νbµ. The constant
λ0 is -1/4 for the bosonic string theory, is -1/8 for the heterotic string theory and is zero for
the superstring theory. Using these corrections, one may be able to find a covariant action for
Dp-brane/Op-plane which includes only the massless closed string fields.
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The covariant Dp-brane action at order α
′ should involve R,Ω, ∇φ,H and also B-field
potential where both indices are the world-volume indices. Since B-field is dimensionless, any
order of Bab may appear in the D-brane action at order α
′. To simplify the calculation, we
consider only second order of fields. Writing all such couplings involving spacetime curvature,
the second fundamental form, dilaton and the B-field at order α′ and constraining the couplings
to be consistent with the T-duality transformations (142), at the second order of fields, one
finds the following result [91]:
SDBIp ⊃ −
α′Tp
2
∫
dp+1xe−φ
√
−G˜
[
R˜ + 2⊥µν(ΩaaµΩbbν − ΩabµΩabν) + 2⊥µνΩaaµ∂νφ+ ∂µφ∂µφ
−1
8
H˜2 − 1
8
⊥µνH2µν +
1
8
⊥αβ⊥µνHαµλHβνλ + 1
24
⊥αβ⊥µν⊥λσHαµλHβνσ
]
(143)
where H˜2 = G˜µνG˜αβG˜ρσHµαρHνβσ and R˜ = G˜
µνG˜αβRµανβ . This action is consistent with the
disk-level S-matrix element of two massless closed string vertex operators in the bosonic string
theory [111, 91]. Each term in the above action should be multiplied by a function of B-field
potential. See [112], for a non-covariant form for such functions in the gravity part which
have been found from the disk-level S-matrix element of two graviton vertex operators in the
presence of constant B-field in the bosonic string theory. One may find covariant functions by
requiring the above couplings to be invariant under full non-linear T-duality transformations
(142). Such functions for the Op-plane, however, is trivial as the Z2 transformation projects
out the couplings in which B-field has even number of world-volume indices. This projection
on the above action produces the following action:
SDBIp ⊃ −
α′T ′p
2
∫
dp+1xe−φ
√
−G˜
[
R˜ + ∂aφ∂
aφ− 1
8
HabiH
abi +
1
24
HijkH
ijk
]
(144)
which includes all couplings at order α′ and should be invariant under full T-duality transfor-
mation (142).
The α′ corrections to the T-duality transformation of the open string fields (89) have not
been found yet. One may consider a covariant action for massless open string fields at order α′
which includes all contactions of the second fundamental formKiab (63), the gauge field strength
Fab and its covariant derivative DaFbc with the pull-back metric. The second fundamental form
couplings have been already found from the covariant action in terms of the massless closed
string fields (143). In our convention that the gauge field strength Fab and the brane velocity
∂aχ
i are dimensionless, the covariant action has four-field, six-field, and higher order couplings
at order α′. At four-field level, imposing the covariant action to be consistent with the T-duality
transformation (89), one finds a bunch of couplings which are not consistent with the S-matrix
element of four open string vertex operators in the bosonic string theory [92]. This is what one
expects because the T-duality transformation (89) should receive α′-correction in the covariant
approach to the T-duality. One may add some α′-correction to (89) and constrain the T-duality
invariant couplings to be consistent with the S-matrix elements. In this way one may find the
α′-corrections to the leading T-duality transformation (89) as well as the effective action of four
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massless open string fields at order α′. Similar calculation may lead one to find the six-field,
the eight-field and all higher order couplings.
Alternatively, one may use the non-covariant approach and consider all contractions of Fab,
∂aFbc, ∂aχ
i and ∂a∂bχ
i at order α′ with flat metric and constrain the non-covariant action to be
consistent with the T-duality transformation (89), with the second fundamental form couplings
in (143), and with the four-point S-matrix elements. In this way, even though the action is
not covariant, however, one is able to find the couplings to all orders of F and ∂χ. Ignoring
the T-duality invariant couplings which are total derivative terms and excluding the T-duality
invariant couplings which have dF , one finds [92]
SDBIp ⊃ −Tp
∫
dp+1σ
√
− det(η˜ab + Fab)
[
1 + α′
(
G′abG′cd⊥′ijωabiωcdj −G′acG′bd⊥′ijωabiωcdj
−1
2
G′adG′beG′cfψabcψdef −G′abG′ceG′dfψabcψdef + 2
3
G′cfΘadΘbeψabcψdef
−8
3
G′bcG′deΘaiψbcdωaei +G′cdΘaiΘbjωacjωbdi +
4
3
G′bjΘaiΘcdωacjωbdi
+
5
3
G′cdΘaiΘbjωaciωbdj − 8
3
G′cdΘaiΘbjωabiωcdj +
4
3
⊥′ijΘacΘbdωabiωcdj
+2G′bdG′ceΘaiψbacωdei − 2G′bcG′deΘaiψbacωdei − 2
3
G′aiG′ceΘbdψbacωdei
−2ΘaiΘbdΘceψbacωdei
)
+O(α′2)
]
(145)
where ψabc = ∂aFbc, ωabi = ∂a∂bχi, ⊥′µν = ηµν −G′µν , and
G′µν = ∂aXµ∂bXνG′ab ; Θµν = ∂aXµ∂bXνΘab (146)
The symmetric matrix G′ab and the antisymmetric matrix Θab are
G′ab =
(
1
η˜ + F
η˜
1
η˜ − F
)ab
; Θab =
(
1
η˜ + F
F
1
η˜ − F
)ab
(147)
In fact it has been observed in [92] that the matrices G′µν , Θµν , ⊥′µν transform among them-
selves under the T-duality transformation (89). When the gauge field strength is zero, Θµν is
zero and the matrices G′µν and ⊥′µν reduce to the projection metrics G˜µν and ⊥µν , respectively.
One may use the extension F → B˜+F in the couplings (145) to find the couplings between
massless open string fields and the B-field. The B-field, however, must be along the world-
volume directions. Moreover, since the total derivative terms and the terms that involve the
Bianchi identity, dF = 0, have been ignored in (145), the above replacement can not correctly
produce the couplings involving dB = H . In fact, if one uses the above replacement and
considers the couplings which have two B-fields, the result would be α′TpHabcHabc/6 up to a
total derivative term. The coefficient of this term is not the one in (143) which is consistent
with the S-matrix element.
However, the extension F → B˜+F in the couplings (145) produces the correct couplings of
massless open string fields in the presence of constant B-field. One may also use the SW map
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[46] to transform the couplings to the non-commutative variables. When there is only massless
open string fields, one expects that, as in the DBI part [46], the commutative fields transform to
non-commutative fields, the symmetric part of matrix 1/(η+B) appears as open string metric
for contracting the world-volume indices and the antisymmetric part of this matrix appears in
the parameter of the non-commutative star product. So in the presence of constant B-field, the
non-commutative form of the couplings are the same as (145) in which the open string fields
are non-commutative fields, the multiplication rule is ∗-product, and the world-volume indices
are contracted with the open string metric. If the couplings (145) are reproduced by S-matrix
element in flat space, then their corresponding non-commutative couplings are reproduced by
the S-matrix elements in the presence of constant B-field. When there are both massless open
and closed strings, however, the transformation of world-volume couplings from commutative
fields to non-commutative fields is not so easy. One is required to introduce new multiplication
rules, i.e., ∗n-product [114, 115]. The couplings involving only massless closed string fields are
invariant under the SW map.
The Riemann curvature R, ∇H and ∇∇φ couplings at order α′2 in the world-volume of
D-branes in the superstring theory are given in (57). These couplings are invariant under linear
T-duality transformations (106) and are covariant, i.e., the metric contracting the indices, are
either the spacetime metric or the first fundamental form. So one can not extend these covariant
couplings to include Fab and ∂aχ
i by extending the first fundamental form to G′µν in which
the spacetime metric must be flat. However, if one considers only two NSNS couplings, then
the metric for contracting the indices is flat metric. In that case, one may extend the first
fundamental form to (146) to include Fab and ∂aχ
i . In fact, these matrices have been used in
[113] to construct a non-covariant form of the couplings of two NSNS fields at order α′2 in the
presence of constant field strength Fab and constant velocity ∂aχ
i by requiring the couplings
to be invariant under the linear T-duality transformations (106) and (89). Using the extension
F → B˜ + F , then the couplings have been considered for zero Fab, ∂aχi. It has been shown in
[113] that the two NSNS couplings are fully consistent with the α′2-order contact terms of the
disk-level S-matrix element of two NSNS vertex operators in the presence of constant B-field
in the superstring theory [45].
7 Discussion
In this article, we have reviewed the duality method for finding higher derivative corrections
to the supergravities and to the DBI/WZ action. We have seen that to impose the T-duality
constraint on the effective actions there are two approaches. One approach is the covariant
approach in which the T-duality invariant action would be covariant but the T-duality trans-
formations are the Buscher rules plus their higher derivative corrections. In the non-covariant
approach, the T-duality invariant action would be non-covariant but the T-duality transforma-
tions are the standard Buscher rules. The two T-duality invariant actions should be related by
some non-covariant field redefinitions.
In the covariant approach, we have seen that the T-duality constraint can fix the Op-plane
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action in the bosonic string theory at order α′, i.e., action (144), and can fix the NSNS couplings
of Op-plane action in the type II superstring theory at order α
′2, i.e., actions (57) and (141).
The T-duality transformations that have been used in the bosonic string theory is the standard
Buscher rules plus their derivative corrections at order α′, i.e., equation (142), whereas, the
T-duality transformations that have been used in the superstring theory is only the Buscher
rule. This steams from the fact that the first higher derivative corrections to the supergravity is
at 8-derivative level. So the higher derivative corrections to the Buscher rules in the covariant
approach in the superstring theory starts at order α′3. Since the T-duality transformations
that have been used in the Op-plane action are the same as the T-duality transformations that
have been found from the bulk actions, the above calculations indicate also that the form of
T-duality transformations for bulk actions and for brane actions are identical.
In the non-covariant approach, we have seen that the T-duality constraint can fix the Dp-
brane couplings of massless open string fields at order α′ which includes all orders of F and the
Dp-brane velocity that in our convention are dimensionless, i.e., action (145). The T-duality
transformation that has been used is the standard transformation (89) without α′-corrections.
Since the metric in contracting the indices in the action (145) is ηab, ηij and the derivatives in
this action are also partial derivatives, the action is not covariant. In a covariant action, the
indices would be contracted with the pull-back metric and the derivatives are also covariant
derivatives constructed from the pull-back metric. It would be interesting to find such covariant
action at order α′. This may be done by finding appropriate non-covariant field redefinitions to
convert the non-covariant action (145) to the covariant form, or one may find α′-corrections to
the T-duality transformation (89) and then find an action at order α′ which would be invariant
under such T-duality transformations.
In the covariant approach, the T-duality transformations at the second order of fields are
also used to constrain the massless closed string couplings at order α′ on the world-volume of
Dp-brane in the bosonic string theory. This fixes all covariant couplings up to the terms that
have B-field potential, i.e., action (143). It would be interesting to use the full non-linear T-
duality transformations to find the contribution of the B-field potential into the covariant action
(143) as well. Then the extension B˜ → B˜ + F may be used to find all gauge field couplings at
order α′ in a covariant action. On the other hand, the covariant form of the transverse scalar
fields at order α′ are known from the second fundamental forms in (143). Making these two
covariant couplings to be consistent with T-duality may fix the α′-correction to the T-duality
transformation (89).
Unlike the T-duality transformations of the massless closed string fields in the superstring
theory which receive no corrections at orders α′ and α′2, the T-duality transformations for the
massless open string fields should receive corrections at order α′ as in the bosonic case. Since
we do not know the α′ corrections to the transformation (89), one may use the non-covariant
approach to find the couplings of the massless open string fields at order α′2 on the world-volume
of Dp-brane in the superstring theory, i.e., analogue of the couplings (145) at order α
′2. To
perform this calculation, one should consider all possible contractions of ∂F, ∂∂F, ∂∂χ, ∂∂∂χ
with matrices Θ, G′, ⊥′ at order α′2 with unknown coefficients, and then find the coefficients
by constraining them to be invariant under the T-duality transformation (89). Such couplings
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at the level of four fields have been found in [116].
The T-duality transformations for the massless closed string fields have no corrections at
order α′ and α′2 in the superstring theory, as a result, the Dp-brane world-volume couplings
of massless closed string fields at order α′2, which are invariant under the Buscher rules, must
be covariant. Such effective action must include the couplings (141) as well as some couplings
in which ∇ · · ·∇B have even number of transverse indices, and ∇ · · ·∇φ, ∇ · · ·∇R have odd
number of transverse indices. The difficult part of the calculation is that there may be arbitrary
number of B-fields in each term. So one may consider the simple case that there are only four
fields to find the terms that have only dB = H . The higher order terms, however, would
involve the B-field potential. Such terms then would produce covariant couplings for gauge
field F upon replacing B˜ → B˜ + F . The consistency of such couplings and the covariant
transverse scalar couplings in (57) with T-dualiy, may shed light on the α′2-corrections to the
T-duality transformation (89).
The α′-corrections to the Buscher rules (142) have been found in [90] by requiring the known
curvature squared corrections to the Einstein gravity [117] to be invariant under the T-duality.
One may impose the invariance of the effective action at each order of α′ under T-duality to
find the couplings as well as the covariant corrections to the Buscher rules. We have done
this calculation in the bosonic and in the heterotic string theories for the bulk couplings at
orders α′ and α′2 and for the simple case that the metric is diagonal and B-field is zero. We
have found positive answer [118]. Such calculations for non-zero B-field at order α′2 and α′3
would produce all H-couplings that are not known from other approaches in finding the higher
derivative couplings in the string theory.
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